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Abstract
By using the 3+1 point of view and parametrized Minkowski theories we develop the theory of
non-inertial frames in Minkowski space-time. The transition from a non-inertial frame to another
one is a gauge transformation connecting the respective notions of instantaneous 3-space (clock
synchronization convention) and of the 3-coordinates inside them. As a particular case we get the
extension of the inertial rest-frame instant form of dynamics to the non-inertial rest-frame one. We
show that every isolated system can be described as an external decoupled non-covariant canonical
center of mass (described by frozen Jacobi data) carrying a pole-dipole structure: the invariant
mass and an effective spin. Moreover we identify the constraints eliminating the internal 3-center
of mass inside the instantaneous 3-spaces.
In the case of the isolated system of positive-energy scalar particles with Grassmann-valued
electric charges plus the electro-magnetic field we obtain both Maxwell equations and their Hamil-
tonian description in non-inertial frames. Then by means of a non-covariant decomposition we
define the non-inertial radiation gauge and we find the form of the non-covariant Coulomb poten-
tial. We identify the coordinate-dependent relativistic inertial potentials and we show that they
have the correct Newtonian limit.
Then we study properties of Maxwell equations in non-inertial frames like the wrap-up effect and
the Faraday rotation in astrophysics. Also the 3+1 description without coordinate-singularities of
the rotating disk and the Sagnac effect are given, with added comments on pulsar magnetosphere
and on a relativistic extension of the Earth-fixed coordinate system.
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I. INTRODUCTION
As a consequence of many years of research devoted to try to establish a consistent
formulation of relativistic mechanics, we have now a description of every isolated system
(particles, strings, fields, fluids), admitting a Lagrangian formulation, in arbitrary global
inertial or non-inertial frames in Minkowski space-time by means of parametrized Minkowski
theories [1, 2, 3, 4] (see Ref.[5] for a review). They allow one to get a Hamiltonian de-
scription of the relativistic isolated systems, in which the transition from a non-inertial (or
inertial) frame to another one is a gauge transformation generated by suitable first-class
Dirac constraints. Therefore, all the admissible conventions for clock synchronization, iden-
tifying the instantaneous 3-spaces containing the system and allowing a formulation of the
Cauchy problem for the equations of the fields present in the system, turn out to be gauge
equivalent.
The only known way to have a global description of non-inertial frames is to choose an
arbitrary time-like observer and a 3+1 splitting of Minkowski space-time, namely a foliation
with space-like hyper-surfaces (namely an arbitrary clock synchronization convention) with
a set of 4-coordinates (observer-dependent Lorentz-scalar radar 4-coordinates σA = (τ ; σr),
A = {τ, r}) adapted to the foliation and having the observer as origin of the 3-coordinates
σr on each instantaneous 3-space Στ . The time parameter τ , labeling the leaves of the
foliation, is an arbitrary monotonically increasing function of the proper time of the observer.
Each such foliation defines a global non-inertial frame centered on the given observer if it
satisfies the Møller admissibility conditions [6], [3, 5], and if the instantaneous (in general
non-Euclidean) 3-spaces, described by the functions zµ(τ, σr) giving their embedding in a
reference inertial frame in Minkowski space-time, tend to space-like hyper-planes at spatial
infinity [3]. The 4-metric gAB(τ, σ
r) = zµA(τ, σ
r) ηµν z
ν
B(τ, σ
r), zµA(τ, σ
r) = ∂ z
µ(τ,σr)
∂ σA
, in the
non-inertial frame is a function of the embedding obtained from the flat metric ηµν in inertial
Cartesian 4-coordinates xµ by means of a general coordinate transformation xµ 7→ σA =
(τ ; σr) with inverse transformation σA 7→ xµ = zµ(τ, σr).
If we couple the Lagrangian of the isolated system to an external gravitational field,
we replace the external gravitational 4-metric with the embedding-dependent 4-metric of
a non-inertial frame and we re-express the components of the isolated system in adapted
radar 4-coordinates knowing the instantaneous 3-spaces 1, we get the Lagrangian of the
1 For a scalar field φ˜(x) we get φ(τ, σr) = φ˜(z(τ, σr)). For the electro-magnetic potential A˜µ(x) and
field strength F˜µν(x) we get the Lorentz-scalar fields AA(τ, σ
r) = A˜µ(z(τ, σ
r)) zµA(τ, σ
r), FAB(τ, σ
r) =
(∂AAB − ∂B AA)(τ, σr) = F˜µν(z(τ, σr) zµA(τ, σr) zνB(τ, σr). Differently from φ˜(x) and A˜µ(x), the fields
φ(τ, σr) and AA(τ, σ
r) know the whole instantaneous 3-space Στ . Scalar particles are described with
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parametrized Minkowski theory for the given isolated system. It is a function of the matter
and fields of the isolated system (now described as Lorentz-scalar quantities in a non-inertial
frame) and of the embedding zµ(τ, σr) of the instantaneous 3-spaces of the non-inertial
frame in Minkowski space-time. The main property of the action functional associated with
these Lagrangians is the invariance [1, 3, 5] under frame-preserving diffeomorphisms 2 :
this implies that the embeddings are gauge variables, so that all Møller-admissible clock
synchronization conventions (i.e. any definition of instantaneous 3-spaces in space-times
with Lorentz signature) are gauge equivalent.
Inertial frames are the special class of frames connected by the transformations of the
Poincare’ group (the relativity principle) selected by the law of inertia. For every con-
figuration of an isolated system there is a special inertial frame intrinsically selected by
the system itself, the rest frame, whose instantaneous 3-spaces (the Wigner 3-spaces with
Wigner covariance) are orthogonal to the conserved 4-momentum of the configuration. This
gives rise to the rest-frame instant form of the dynamics. In Ref. [8] there is a full ac-
count of the rest-frame instant form for arbitrary isolated systems, with special emphasis on
the system of ”N charged positive-energy scalar particles with mutual Coulomb interaction
plus the transverse electro-magnetic field of the radiation gauge” [9]. The particles have
Grassmann-valued electric charges (each replaced by a two-level system, charge +e - charge
−e, described by a Clifford algebra, after quantization)
a) to make a ultraviolet regularization of the Coulomb self-energies;
b) to make a infrared regularization killing the emission of soft photons and loops;
c) to allow us to have the Lienard-Wiechert transverse potential and electric field ex-
pressible as functions only of the 3-positions and 3-momenta of the particles, independently
from the chosen Green function (retarded, advanced, symmetric, ..).
This allows us to have a description of the one-photon exchange diagram by means of a
potential in the framework of a well defined Cauchy problem for Maxwell equations.
In the rest-frame instant form there are two realizations of the Poincare’ algebra:
Lorentz-scalar 3-coordinates ~ηi(τ) in Στ defined by x
µ
i (τ) = z
µ(τ, ~ηi(τ)), i = 1, .., N , i.e. by the intersection
of their world-lines xµi (τ) (parametrized not with their proper time, but with the observer’s one) with Στ .
As a consequence, each particle must have a well defined sign of the energy. Both the world-lines xµi (τ)
and the associated 4-momenta pµi (τ), satisfying p
2
i (τ) = ǫm
2
i even in presence of interactions, are derived
quantities.
2 Schmutzer and Plebanski [7] were the only ones emphasizing the relevance of this subgroup of diffeomor-
phisms in their attempt to obtain the theory of non-inertial frames in Minkowski space-time as a limit
from Einstein’s general relativity.
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1) An external one, in which the isolated system is simulated by means of a decoupled point
particle carrying a pole-dipole structure: the invariant mass M and the rest spin ~¯S of the
isolated system. This decoupled point particle is described by the canonical frozen Jacobi
data of the non-covariant external relativistic 3-center of mass: a non-covariant variable
~z = Mc~xNW (0) (~xNW (0) is the Cauchy datum of the Newton-Wigner 3-position ~xNW (τ))
and an adimensional 3-velocity ~h = ~P/Mc, {zi, hj} = δij . This universal (i.e. independent
from the isolated system) breaking of manifest Lorentz covariance is irrelevant since the
3-center of mass is decoupled from the internal dynamics. Since the Poincare’ generators
are global quantities, the relativistic center of mass (a known function of such generators)
is a global quantity not locally determinable (see Ref.[8] for the non-local aspects of the
Newton-Wigner position). The non-covariant canonical external 4-center of mass (or center
of spin) x˜µ(τ) = (x˜o(τ); ~˜x(τ)), the covariant non-canonical external Fokker-Pryce 4-center of
inertia Y µ(τ) = (x˜o(τ); ~Y (τ)) and the non-covariant non-canonical external Møller 4-center
of energy Rµ(τ) = (x˜o(τ); ~R(τ)) are known functions of τ , ~z, ~h, M , ~¯S given in Ref.[8]. All
these collective variables have the same constant 4-velocity: Y˙ µ(τ) = ˙˜x
µ
(τ) = R˙µ(τ) =
P µ/Mc = hµ.
The embedding identifying the Wigner 3-spaces is (τ = cT is the Lorentz-scalar rest time)
zµW (τ, σ
u) = Y µ(τ) + ǫµr (
~h) σr, (1.1)
where Y µ(τ) is the covariant non-canonical Fokker-Pryce external 4-center of inertia (a
known function of τ , ~z, ~h, M and ~¯S) and the 3 space-like 4-vectors ǫµr (
~h) are de-
termined by the standard Wigner boost Lµν(P,
◦
P ) for time-like orbits sending the rest
form
◦
P
µ
= Mc (1;~0) of the total momentum into P µ = Mcuµ(P ) = Mc ǫµτ (
~h) =
Mc (
√
1 + ~h2;~h) = Mchµ (we collect here the various notations used in previous pa-
pers), i.e. ǫµA(
~h) = Lµν=A(P,
◦
P ). We have ǫoτ (
~h) =
√
1 + ~h2, ǫiτ (
~h) = hi, ǫor(
~h) = −ǫ hr,
ǫir(
~h) = δir − ǫ h
i hr
1+
√
1+~h2
(see the next Section for the conventions on the 4-metric).
2) A unfaithful internal one inside the Wigner 3-spaces, whose generators are deter-
mined by the energy-momentum tensor, obtained from the Lagrangian of the parametrized
Minkowski theory associated with the given isolated system. The only non-vanishing gen-
erators are M and ~¯S. The vanishing of the internal 3-momentum is the rest-frame condi-
tion, while the vanishing of the internal (interaction-dependent) Lorentz boosts eliminates
the internal 3-center of mass (this avoids a double counting of the center of mass). As a
consequence, the dynamics inside the instantaneous Wigner 3-spaces is described only by
Wigner-covariant relative variable and momenta (~ρa(τ), ~πa(τ), a = 1, .., N−1, for particles).
The invariant mass M is the Hamiltonian for the internal Hamilton equations. It is possible
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to make an orbit reconstruction [4] for the particles in the form ~ηi(τ) = ~fi(~ρa(τ), ~πa(τ)) and
to determine the world-lines 3,
xµi (τ) = z
µ
W (τ, ~ηi(τ)) = Y
µ(τ) + ǫµr (
~h) f ri (~ρa(τ), ~πa(τ)). (1.2)
In this paper we study in detail the properties of global admissible non-inertial frames in
Minkowski space-time, generalizing the notions defined in the inertial rest-frame instant form
of dynamics. We show that also in non-inertial frames every isolated system can be described
as an external decoupled non-covariant canonical center of mass (described by frozen Jacobi
data) carrying a pole-dipole structure: the invariant mass and an effective spin. Moreover,
following the same methods developed for the inertial rest frame, we identify the constraints
eliminating the internal 3-center of mass inside the instantaneous 3-spaces.
In the admissible non-inertial frames the instantaneous 3-spaces are orthogonal to a given
fixed 4-vector lµ(∞) at spatial infinity
4.
Then we will restrict the description to the special family of non-inertial frames, in
which the instantaneous 3-spaces tend to Wigner 3-spaces, orthogonal to the conserved 4-
momentum of the isolated system, at spatial infinity (i.e. lµ(∞) = h
µ = P µ/Mc): they are
the non-inertial rest frames, a non-inertial extension of the inertial ones. This will allow
us to define the non-inertial rest-frame instant form of dynamics. The non-inertial rest
frame are the only ones allowed by the equivalence principle in the treatment of canonical
metric and tetrad gravity in asymptotically flat and globally hyperbolic space-times without
super-translations as shown in Refs. [5, 11].
Even if in a non-covariant way, which is however consistent with the coordinate-
dependence of the inertial effects, we will give a unified special relativistic description of
many properties of isolated systems in accelerated frames, which are scattered in the litera-
ture and treated without a global interpretative framework.
Then, as in Ref.[8], we consider the description of the isolated system of positive-energy
scalar particles with Grassmann-valued electric charges plus the electro-magnetic field as a
parametrized Minkowski theory. As a consequence we obtain both Maxwell equations and
their Hamiltonian description in non-inertial frames.
3 They turn out to be covariant non-canonical predictive coordinates: {xµi (τ), xνj (τ)} 6= 0 for all i and j,
µ and ν. Let us remark that this does not imply a breaking of microcausality, which is preserved at the
level of the 3-coordinates ~ηi(τ).
4 A preliminary description of particles and of their quantization in a class of such frames was given in
Ref.[10]. There we introduced an auxiliary decoupled scalar particle whose 4-momentum coincides with
lµ(∞). Here we will avoid to use this method.
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By means of a non-covariant decomposition we define the non-inertial non-covariant radi-
ation gauge: this allows to visualize the non-inertial dynamics of transverse electro-magnetic
fields, the electro-magnetic Dirac observables. We find the modification of the Coulomb
potential in a non-inertial frame: its non-covariance is due to same type of coordinate-
dependence present in the relativistic inertial potentials, which are explicitly identified for
the first time and shown to have the correct Newtonian limit. The final Dirac Hamilto-
nian will contain not only the invariant mass Mc but also the modifications induced by the
potentials associated with the inertial effects present in the given non-inertial frame.
Then we study properties of Maxwell equations in non-inertial frames like the wrap-up
effect, the Faraday rotation in astrophysics, pulsar magnetosphere ........... Also the 3+1
description of the rotating disk and the Sagnac effect are given.
In Section II we review the admissible 3+1 splittings of Minkowski space-time and the
properties of the associated global non-inertial frames (Subsection A), we compare them
with the accelerated coordinate systems associated with the 1+3 point of view (Subsection
B) and we define the non-covariant notations for the electro-magnetic field in non-inertial
frames (Subsection C).
In Section III we study the description of the isolated system ”charged scalar positive-
energy particles plus the electro-magnetic field” in the framework of parametrized Minkowski
theories. In particular we show that in non-inertial frames and also in inertial frames with
non-Cartesian coordinates there is no true conservation law for the energy-momentum tensor:
like in general relativity one could introduce a coordinate-dependent energy-momentum
pseudo-tensor describing the contribution of the foliation associated with the admissible
3+1 splitting of Minkowski space-time. However, reverting to inertial frames, it is possible
to find the conserved (Poincare’ 4-vector) 4-momentum of the isolated system.
In Section IV we give the Hamiltonian description and the Hamilton equations of the
isolated system ”charged scalar positive-energy particles plus the electro-magnetic field”
in admissible non-inertial frames (Subsection A). Then we introduce the non-covariant ra-
diation gauge for the electro-magnetic field and we find both the inertial forces and the
non-inertial expression of the coulomb potential (Subsection B). Finally we evaluate the
non-relativistic limit recovering the Newtonian apparent inertial forces (Subsection C).
In Section V we review the determination of the internal Poincare’ generators and of the
constraints eliminating the internal 3-center of mass in the inertial rest frames (Subsection
A). Then we show how these results are modified in the special family of the non-inertial rest
frames (Subsections B and C) and in arbitrary admissible non-inertial frames (Subsection
D) .
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In Section VI we give the 3+1 point of view in admissible nearly rigidly rotating frames
of the Wrap Up effect, of the Sagnac effect and of the inertial Faraday rotation by studying
electro-magnetic wave solutions of the non-inertial Maxwell equations.
In the Conclusions we give an overview of the results obtained in this paper and we
identify the still open problems about electro-magnetism in non-inertial frames.
In Appendix A there is a review of the rotating disk and of the Sagnac effect in the
1+3 point of view followed by their description in the framework of the 3+1 point of view
(Subsection A1) and by a discussion on the ITRS rotating 3-coordinates fixed on the Earth
surface (Subsection A2).
In Appendix B there is the expression of the Landau-Lifschitz non-inertial electro-
magnetic fields in the 3+1 point of view.
In Appendix C there is a comparison of the covariant and non-covariant decompositions
of the electro-magnetic field in non-inertial frames and the definition of the non-covariant
radiation gauge.
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II. ADMISSIBLE 3+1 SPLITTINGS OF MINKOWSKI SPACE-TIME AND NO-
TATIONS
We use the signature convention ηµν = ǫ (+−−−), ǫ = ±1, for the flat Minkowski metric
(ǫ = +1 is the particle physics convention, while ǫ = −1 is the one of general relativity),
since it has been used in Refs.[11] for canonical gravity. Since in Ref. [8] the convention
ǫ = +1 was used, in this Section we also introduce the notations needed for the treatment
of the electro-magnetic field in non-inertial frames.
A. Admissible 3+1 Splittings of Minkowski Space-Time
Let us consider an admissible 3+1 splitting of Minkowski space-time, whose instantaneous
3-spaces Στ are identified by the embedding z
µ(τ, σr). The radar 4-coordinates σA = (τ ; σr)
are adapted to an arbitrary time-like observer with world-line xµ(τ) in the reference inertial
frame, chosen as the origin of the curvilinear 3-coordinates σr on each Στ . The Lorentz-
scalar time τ , with dimensions [τ ] = [c t] = [l], is a monotonically increasing function of the
proper time of the observer. Therefore, we can put the embeddings in the following form
zµ(τ, σu) = xµ(τ) + F µ(τ, σu) = xµo + ǫ
µ
A
[
fA(τ) + FA(τ, σu)
]
, F µ(τ, ~o) = 0,
xµ(τ) = xµo + ǫ
µ
A f
A(τ). (2.1)
At spatial infinity zµ(τ, σr) must tend in a direction-independent way to a space-like hyper-
plane with unit time-like normal lµ(∞) = ǫ
µ
τ : this implies F
µ(τ, σs) → ǫµ(∞) r σr with the 3
space-like 4-vectors ǫµ(∞) r = ǫ
µ
r orthogonal to l
µ
(∞). The asymptotic orthonormal tetrads ǫ
µ
A
are associated to asymptotic inertial observers and satisfy ǫµA ηµν ǫ
ν
B = ηAB. Let us remark
that the natural notation for the asymptotic tetrads would be ǫµ(A). However, for the sake of
simplicity we shall use the notation ǫµA for δ
(B)
A ǫ
µ
(B).
The time-like observer xµ(τ), origin of the 3-coordinates on the instantaneous 3-spaces
Στ , has the following unit 4-velocity and 4-acceleration (we use the notation x˙
µ(τ) = d x
µ(τ)
dτ
;
it must be ǫ x˙2(τ) > 0)
uµ(τ) =
x˙µ(τ)√
ǫ x˙2(τ)
= ǫµA u
A(τ), u2(τ) = ǫ,
uA(τ) =
f˙A(τ)√(
f˙ τ(τ)
)2
−∑u (f˙u(τ))2 ,
(
f˙ τ (τ)
)2
>
∑
u
(
f˙u(τ)
)2
,
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aµ(τ) =
duµ(τ)
dτ
= ǫµA a
A(τ), aµ(τ) u
µ(τ) = 0,
aA(τ) =
f¨A(τ)
((
f˙ τ (τ)
)2
−∑u (f˙u(τ))2)− f˙A(τ)(f˙ τ (τ) f¨ τ (τ)−∑u f˙u(τ) f¨u(τ))((
f˙ τ (τ)
)2
−∑u (f˙u(τ))2)3/2 .
(2.2)
As a consequence we can write uµ(τ) = Lµν(u(τ),
◦
u)
◦
u
ν
,
◦
u
µ
= ǫ (1;~0), by using the
standard Wigner boost for time-like 4-vectors.
Eqs.(2.1) imply
zµτ (τ, σ
u) = ∂τ z
µ(τ, σu) = x˙µ(τ) + ∂τ F
µ(τ, σu) = ǫµA
(
f˙A(τ) + ∂τ F
A(τ, σu)
)
=
= (1 + n(τ, σu)) lµ(τ, σu) + hrs(τ, σu)nr(τ, σ
u) zµs (τ, σ
u),
zµr (τ, σ
u) = ∂r z
µ(τ, σu) = ∂r F
µ(τ, σu) = ǫµA ∂r F
A(τ, σu). (2.3)
While the 3 independent space-like 4-vectors zµr (τ, σ
u) are tangent to Στ , the time-like 4-
vector zµτ (τ, σ
u) has been decomposed on them and on the unit normal lµ(τ, σu), l2(τ, σu) = ǫ,
to Στ (lµ(τ, σ
u) zµr (τ, σ
u) = 0). This decomposition defines the lapse and shift functions
N(τ, σu) = 1 + n(τ, σu) > 0 and N r(τ, σu) = nr(τ, σu) (we use the notation of Ref.[11]). At
spatial infinity we have: lµ(τ, σu) → lµ(∞) = ǫµτ , N(τ, σu) → 1 (n(τ, σu) → 0), nr(τ, σu) →
0.
The 4-metric induced by the 3+1 splitting is gAB(τ, σ
u) = zµA(τ, σ
u) ηµν z
ν
B(τ, σ
u) and we
have
gττ (τ, σ
u) =
[
zµτ ηµν z
ν
τ
]
(τ, σu) =
= ǫ
[(
f˙ τ (τ) + ∂τ F
τ (τ, σv)
)2
−
∑
u
(
f˙u(τ) + ∂τ F
u(τ, σv)
)2]
=
= ǫ
[(
1 + n(τ, σv)
)2
− hrs(τ, σv)nr(τ, σv)ns(τ, σv)
]
,
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gτr(τ, σ
v) =
[
zµτ ηµν z
ν
r
]
(τ, σv) =
= −ǫ
[∑
u
(
f˙u(τ) + ∂τ F
u(τ, σv)
)
∂r F
u(τ, σv)−
−
(
f˙ τ (τ) + ∂τ F
τ (τ, σv)
)
∂r F
τ (τ, σv)
]
=
= −ǫnr(τ, σv) = grs(τ, σv)ns(τ, σv) = −ǫ hrs(τ, σv)ns(τ, σv),
grs(τ, σ
v) =
[
zµr ηµν z
ν
s
]
(τ, σv) =
= −ǫ
[∑
u
∂r F
u(τ, σv) ∂s F
u(τ, σv)− ∂r F τ (τ, σv) ∂s F τ (τ, σv)
]
=
= −ǫ hrs(τ, σv). (2.4)
While the 3-metric grs in Στ and its inverse γ
rs (γru gus = δ
r
s) have signature ǫ (−−−), the
3-metric hrs and its inverse h
rs = −ǫ γrs (hru hus = δrs) have signature (+ + +).
For the inverse 4-metric gAB (gAC gCB = δ
A
B) we have
gττ =
ǫ
(1 + n)2
, gττ grs − gτr gτs = − h
rs
(1 + n)2
,
gτr = −ǫ n
r
(1 + n)2
, grs = −ǫ
(
hrs − n
r ns
(1 + n)2
)
. (2.5)
For the determinants we have
γ = −ǫ det grs = det hrs > 0, g = det gAB < 0, ⇒
√−g = (1 + n)√γ.
(2.6)
Finally the unit normal to the simultaneity surfaces Στ has the expression
lµ(τ, σu) =
[
ηµαβγ z
α
1 z
β
2 z
γ
3
]
(τ, σu) =
[ 1√
γ
ǫµαβγ z
α
1 z
β
2 z
γ
3
]
(τ, σu) =
= ǫµA l
A(τ, σv) = ǫµA η
AE
(ǫEBCD√
γ
∂1 F
B ∂2 F
C ∂3 F
D
)
(τ, σv) =
= Lµν(l(τ, σ
v),
◦
l)
◦
l
ν
,
◦
l
µ
= ǫ (1;~0),
l2(τ, σu) = ǫ, ⇒
(
lτ (τ, σu)
)2
>
∑
u
(
lu(τ, σv)
)2
,
⇒ ηµν = ǫ
(
lµ lν − zrµ hrs zsν
)
(τ, σv). (2.7)
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The 3+1 splitting for which lµ is constant, i.e. τ - and σr-independent, have the in-
stantaneous 3-spaces corresponding to parallel space-like hyper-planes: when the frame is
non-inertial these hyper-planes are not equally spaced due to linear acceleration and/or have
rotating 3-coordinates, so that they are not Euclidean 3-spaces.
The Wigner boost sending
◦
l
µ
into lµ(τ, σu) (βil = −ǫ βl i) has the following expression
Lµν(l(τ, σ
u),
◦
l) =
γl γl β
i
l
γl β
j
l δ
ij + (γl − 1) β
i
l β
j
lP
k (β
k
l
)2
(τ, σu),
lµ(τ, σu) = Lµo(l(τ, σ
u),
◦
l) = γl(τ, σ
u)
(
1; βil (τ, σ
u)
)
= ǫµA l
A(τ, σu)
def
= ǫµo (l(τ, σ
u)),
ǫµj (l(τ, σ
u))
def
=Lµj(l(τ, σ
u),
◦
l),
γl =
1√
1−∑u (βul )2 = lo = 1√γ ǫoA ηAE ǫEBCD ∂1 FB ∂2 FC ∂3 FD,
βil = γ
−1
l l
i =
ǫiA η
AE ǫEBCD ∂1 F
B ∂2 F
C ∂3 F
D
ǫoA η
AE ǫEBCD ∂1 FB ∂2 FC ∂3 FD
. (2.8)
The orthonormal tetrads ǫµA(l(τ, σ
u)) = LµA(l(τ, σ
u),
◦
l), ηµν ǫ
µ
A(l(τ, σ
u)) ǫµB(l(τ, σ
u)) = ηAB,
are the columns of the Wigner boost.
The Wigner boosts Lµν(u(τ),
◦
u) has a similar parametrization in terms of parameters
βiu(τ).
The Møller admissibility conditions [6], [3], implying that the 3+1 splitting gives rise to
a nice foliation of Minkowski space-time with space-like leaves identifying the instantaneous
3-spaces Στ , are
ǫ gττ (τ, σ
u) =
[
(1 + n)2 − hrs nr ns
]
(τ, σu) > 0, ǫ grr(τ, σ
u) = −hrr(τ, σu) < 0,
grr(τ, σ
u) grs(τ, σ
u)
gsr(τ, σ
u) gss(τ, σ
u)
=
hrr(τ, σ
u) hrs(τ, σ
u)
hsr(τ, σ
u) hss(τ, σ
u)
> 0,
ǫ det [grs(τ, σ
u)] = −γ(τ, σu) < 0, ⇒ det [gAB(τ, σu)] < 0.
(2.9)
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They are restrictions on the functions F µ(τ, σr) of Eqs.(2.1). When they are satisfied,
Eqs.(2.1) define a global (in general non-rigid) non-inertial frame. While linear accelerations
are not restricted by Eqs.(2.9), rigid rotations are forbidden [3]. The condition ǫ gττ (τ, σ
u) >
0 implies that in each point σu the tangential velocity ω(τ, σu) r(τ, σu) is less than c: instead
with ω = ω(τ), like it happens in standard rotating coordinate systems, we get ǫ gττ (τ, R
u) =
0 at the distance Ru from the rotation axis where ωR = c, so that the time-like vector
zµτ (τ, σ
u) would become a null vector (the so-called horizon problem of the rotating disk).
Since 1 + n(τ, σu) > 0 gives the proper time distance from Στ to Στ+dτ along the world-
line of the Eulerian observer through (τ, σu) with tangent vector lµ(τ, σu), the condition
1 + n(τ, σu) > 0 implies that Στ and Στ+dτ intersect nowhere. By continuity this implies
that the Møller-admissible 3+1 splittings are nice foliations with space-like leaves tending
to space-like hyper-planes at spatial infinity in a direction-independent way.
Since the 3-metric hrs(τ, σ
u) is a real symmetric matrix, it can be diagonalized with a
rotation matrix V (θi(τ, σu)), V T = V −1 (θi(τ, σu) are Euler angles). Therefore, by using the
notations of Ref.[12] for canonical gravity in the York canonical basis, we can parametrize
the 3-metric in the following form 5.
5 As shown in Ref.[12] the basic variables of tetrad gravity are not the embedding zµ(τ, σu) but tetrads
Eµ(α)(τ, σ
u), defined after an admissible 3+1 splitting of the space-time identifying the instantaneous 3-
spaces Στ . The quantities z
µ
A(τ, σ
u) are now the transition coefficients from world components of tensors
to Στ -adapted components in radar coordinates σ
A = (τ, σu): Eµ(α) = z
µ
AE
A
(α). The 4-metric tensor is
defined by the associated cotetrads: gAB = E
(α)
A η(α)(β)E
(β)
B . The gauge variables of tetrad gravity in the
York canonical basis are six parameters of the Lorentz group acting on the flat (α) indices of the tetrads
Eµ(α), the lapse (1+n) and shift (nr) functions, the Euler angles θ
i and the momentum variable conjugate
to φ6 = γ1/2, i.e. the trace 3K of the extrinsic curvature of the instantaneous 3-space Στ . The volume
variable φ = γ1/12 is determined by the super-hamiltonian constraint. The momenta π
(θ)
i , conjugate to
θi, are determined by the super-momentum constraints. The symmetric 3-metric hrs = −ǫ grs can be
put in the form hrs =
∑
a λa Vra(θ
i)Vsa(θ
i), where the eigenvalues (assumed non degenerate) have the
expression λa = φ
4 e2
P
a¯
γa¯a Ra¯ . The two functions Ra¯ describe the two physical degrees of freedom of
the gravitational field. A gauge fixing for θi and 3K implies the determination of the lapse and shift
functions.
Instead in non-inertial frames in Minkowski space-time, where gravity is absent, all the functions (n,
nr, γ = φ
12, θi, Ra¯ ) parametrizing the components of the 4-metric gAB of Eq.(2.4) are gauge variables
globally described by the embedding zµ(τ, σu) of Eq.(2.1).
In parametrized Minkowski theories (see the next Section), where the embedding is the basic variable, in
absence of matter the super-hamiltonian and super-momentum constraints are replaced by the vanishing
of the momentum ρµ(τ, σ
u) ≈ 0, see Eq.(3.10), conjugated to zµ(τ, σu). If we fix zµ(τ, σu) like in Eq.(4.1),
so that the 3-metric is completely fixed (θi, γ and Ra¯ are given), then Eqs.(4.2) determine the lapse and
shift functions. The extrinsic curvature is determined either from the variation of the unit normal lµ to
Στ or from
3Krs =
1
2 (1+n) (nr|s + ns|r − ∂τ hrs).
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hrs(τ, σ
u) = −ǫ grs(τ, σu) =
(
γ1/3
∑
a
Q2a Vra(θ
i) Vsa(θ
i)
)
(τ, σu) =
=
∑
a
e(a)r(τ, σ
u) e(a)s(τ, σ
u),
e(a)r = γ
1/6Qa Vra(θ
i), er(a) = γ
−1/6Q−1a Vra(θ
i),
γ = det hrs, Qa = e
P
a¯ γa¯aRa¯ , (2.10)
where e(a)r(τ, σ
u) and er(a)(τ, σ
u), (
∑
a e
r
(a) e(a)s = δ
r
s ,
∑
r e
r
(a) e(b)r = δab) are cotriads and
triads on Στ , respectively. At spatial infinity we have e
r
(a)(τ, σ
u) → δra, e(a)r(τ, σu) → δra.
To express e(a)r in terms of ∂r F
A, we must find the eigenvalues and the eigenvectors of the
matrix hrs in the form given in Eqs.(2.4).
The three eigenvalues of the 3-metric are λa = γ
1/3Q2a > 0. The positivity of the
eigenvalues is implied by the Møller conditions (2.9): λ1 λ2 λ3 = γ > 0, λ1 + λ2 + λ3 =
h11 + h22 + h33 > 0, λ1 λ2 + λ2 λ3 + λ3 λ1 =
h11 h12
h21 h22
+
h11 h13
h31 h33
+
h22 h23
h32 h33
> 0.
This implies that the three 4-vectors zµr (τ, σ
u) are space-like for every ~σ, so that the unit
normal lµ(τ, σu) is time-like everywhere on the instantaneous 3-spaces.
The Møller condition ǫ gττ (τ, σ
u) > 0 of Eqs.(2.9) implies that zµτ (τ, σ
u) is everywhere
time-like on the instantaneous 3-spaces Στ .
Let us remark that while the generic 3-spaces Στ have a 3-metric with 3 distinct eigen-
values, there is a family of 3+1 splittings with two coinciding eigenvalues of hrs(τ, σ
u) and
another family with all the 3 eigenvalues coinciding: they correspond to the existence of
symmetries corresponding to the Killing symmetries of Einstein general relativity.
The lapse and shift functions have the following expressions
1 + n(τ, σu) = ǫ zµτ (τ, σ
u) lµ(τ, σ
u) =
(
ǫ√
γ
ǫµαβγ z
µ
τ z
α
1 z
β
2 z
γ
3
)
(τ, σu) =
=
(
f˙ τ (τ) + ∂τ F
τ(τ, σu)
)
lτ (τ, σu)−
−
∑
u
(
f˙u(τ) + ∂τ F
u(τ, σu)
)
lu(τ, σu) > 0,
nr(τ, σ
u) = hrs(τ, σ
u)ns(τ, σu) =
∑
u
(
f˙u(τ) + ∂τ F
u(τ, σv)
)
∂r F
u(τ, σv)−
−
(
f˙ τ (τ) + ∂τ F
τ(τ, σv)
)
∂r F
τ (τ, σv). (2.11)
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Let us also remark that all the information carried by ǫµA f
A(τ), i.e. the velocity and
acceleration of the time-like observer xµ(τ), is hidden in the lapse and shift functions.
The extrinsic curvature of the instantaneous 3-space Στ can be evaluated by means of
the formula 3Krs =
1
2 (1+n)
(nr|s + ns|r − ∂τ hrs), by using the Christoffel symbols associated
to hrs for the 3-covariant derivatives nr|s.
In conclusion the relevant conditions on the functions fA(τ), FA(τ, σu) of an admissible
3+1 splitting of Minkowski space-time are ǫ x˙2(τ) > 0, 1+n(τ, σu) > 0, ǫ gττ (τ, σ
u) > 0 and
λa(τ, σ
u) > 0.
Finally Eq.(2.10) suggests that it must be zµr (τ, σ
u) = Λµa(τ, σ
u) e(a)r(τ, σ
u), where
Λ(τ, σu) is some Lorentz matrix, so that −ǫ grs = ǫ ηµν Λµa Λνb e(a)r e(b)s = −ǫ ηab e(a)r e(b)s =
hrs.
To find Λ(τ, σu) let us remember that in tetrad gravity in the York canonical basis (see
Ref.[12]) the expression of the tetrads adapted to Στ (Schwinger time gauge) in terms of
the unit normal lA and of the triads er(a) are
◦
E
A
(o) = l
A,
◦
E
A
(a) = (0; e
r
(a)). In terms of them
we have
◦
V
A
= (1 + n)
◦
E
A
(o) + e
s
(a) ns
◦
E
A
(a) = (1; 0)
A. The world components of this vector
are
◦
V
µ
= zµA
◦
V
A
= zµτ , while those of
◦
E
A
(a) are
◦
E
µ
(a) = z
µ
A
◦
E
A
(a) = z
µ
r e
r
(a), so that we get
zµr = e(a)r
◦
E
µ
(a). For the unit normal we have l
µ = zµA l
A.
In Minkowski space-time our parametrization of the embedding uses the asymptotic
tetrads ǫµA and we have z
µ
A = ǫ
µ
B ∂A F
B and lµ = ǫµA l
A = ǫµo (l). Therefore a set of tetrads
adapted to Στ in the point (τ, σ
u) is given by the orthonormal tetrads ǫµA(l(τ, σ
u)) defined in
Eqs.(2.8): they replace the adapted tetrads lµ,
◦
E
µ
(a) of tetrad gravity. Therefore, consistently
with Eq.(2.10), we must have
zµr (τ, σ
u) = ǫµA ∂r F
A(τ, σu) = ǫµa(l(τ, σ
u)) e(a)r(τ, σ
u). (2.12)
This implies zµτ =
[
(1 + n) lA + ǫs(a) ns ǫ
µ
a(l)
]
(τ, σu) = Lµν(l(τ, σ
u),
◦
l)Gν(τ, σu) with Gµ =
(1+n; es(r) ns). Eqs.(2.12) are a set of non-linear partial differential equations for ∂r F
A(τ, ~σ).
It is difficult to construct explicit examples of admissible 3+1 splittings. Let us consider
the following two examples in which the instantaneous 3-spaces are space-like hyper-planes.
A) Rigid non-inertial reference frames with translational acceleration exist. An example
are the following embeddings
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zµ(τ, σu) = xµo + ǫ
µ
τ f(τ) + ǫ
µ
r σ
r,
gττ (τ, σ
u) = ǫ
(df(τ)
dτ
)2
, gτr(τ, σ
u) = 0, grs(τ, σ
u) = −ǫ δrs. (2.13)
This is a foliation with parallel hyper-planes with normal lµ = ǫµτ = const. and with the
time-like observer xµ(τ) = xµo + ǫ
µ
τ f(τ) as origin of the 3-coordinates. The hyper-planes
have translational acceleration x¨µ(τ) = ǫµτ f¨(τ), so that they are not uniformly distributed
like in the inertial case f(τ) = τ .
B) As shown in Refs.[3], the simplest example of 3+1 splitting, whose instantaneous 3-
spaces are space-like hyper-planes carrying admissible differentially rotating 3-coordinates 6,
is given by the embedding (σ = |~σ|; ǫµr are the asymptotic space-like axes and the unit normal
is lµ = ǫµτ = const.; αi(τ, ~σ) = F (σ) α˜i(τ), i = 1, 2, 3, are Euler angles; R
r
s(αi(τ, σ)) is a ro-
tation matrix satisfying the asymptotic conditions Rrs(τ, σ)→σ→∞δrs , ∂ARrs(τ, σ)→σ→∞ 0)
zµ(τ, σu) = xµ(τ) + ǫµr R
r
s(τ, σ) σ
s, xµ(τ) = xµo + f
A(τ) ǫµA,
Rrs(τ, σ) = R
r
s(αi(τ, σ)) = R
r
s(F (σ) α˜i(τ)),
0 < F (σ) <
1
Aσ
,
d F (σ)
dσ
6= 0 (Moller conditions),
6 As shown in Refs.[3], if we use the embedding zµ(τ, σu) = xµ(τ) + ǫµr R
r
s(τ)σ
s such that Ωr = Ωr(τ),
then the resulting gττ(τ, σ
u) violates Møller conditions, because it vanishes at σ = σR =
1
Ω(τ)
[
−
x˙µ(τ) ǫ
µ
r R
r
s(τ) (σˆ× Ωˆ(τ))r +
√
x˙2(τ) + [x˙µ(τ) ǫ
µ
r Rrs(τ) (σˆ × Ωˆ(τ))r ]2
]
. We use the notations σu = σ σˆu,
Ωr = Ω Ωˆr, σˆ2 = Ωˆ2 = 1. At this distance from the rotation axis the tangential rotational velocity
becomes equal to the velocity of light. This is the horizon problem of the rotating disk. This pathology is
common to most of the rotating coordinate systems quoted after Eq.(2.16) and in Appendices A and B.
Let us remark that an analogous pathology happens on the event horizon of the Schwarzschild black hole,
where the time-like Killing vector of the static space-time becomes light-like: in this case we do not have a
coordinate singularity but an intrinsic geometric property of the solution of Einstein’s equations. For the
rotating Kerr black hole the same phenomenon happens already at the boundary of the ergosphere [13],
as a consequence of the Killing vectors own by this solution. Let us remark that in the existing theory of
rotating relativistic stars [14], where differential rotations are replacing the rigid ones in model building,
it is assumed that in certain rotation regimes an ergosphere may form [15]: however in this case it is not
known whether Killing vectors and a dynamical ergosphere exist, so that the horizon problem,arising if
one uses 4-coordinates adapted to the Killing vectors, could be associated to a coordinate singularity like
for the rotating disk. In the study of the magnetosphere of pulsars the horizon of the rotating disk is
named the light cylinder (see Appendix B).
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zµτ (τ, σ
u) = x˙µ(τ)− ǫµr Rrs(τ, σ) δsw ǫwuv σu
Ωv(τ, σ)
c
,
zµr (τ, σ
u) = ǫµk R
k
v(τ, σ)
(
δvr + Ω
v
(r)u(τ, σ) σ
u
)
,
ǫ gττ (τ, σ
u) = ǫ x˙2(τ)− 2 ǫ x˙µ(τ) ǫµr Rrs(τ, σ) δsw ǫwuv σu
Ωv(τ, σ)
c
−
− 1
c2
∑
k
ǫkrs σ
r Ωs(τ, σ) ǫkuv σ
uΩv(τ, σ),
nr(τ, ~σ) = −ǫ gτr(τ, σ) = −ǫ x˙µ(τ) ǫµk Rkv(τ, σ)
(
δvr + Ω
v
(r)u(τ, σ) σ
u
)
−
− ǫsmn σm Ω
n(τ, σ)
c
(
δsr + Ω
s
(r)u(τ, σ) σ
u
)
,
hrs(τ, σ
u) = −ǫ grs(τ, σu) = δrs +
(
Ωr(s)u(τ, σ) + Ω
s
(r)u(τ, σ)
)
σu +
+
∑
w
Ωw(r)u(τ, σ) Ω
w
(s)v(τ, σ) σ
u σv, (2.14)
where
(
R−1(τ, σ) ∂τ R(τ, σ)
)u
v = δ
um ǫmvr
Ωr(τ,σ)
c
, ∂τ R(τ, σ)
u
v = R
u
n(τ, σ) δ
nm ǫmvr
Ωr(τ,σ)
c
with Ωr(τ, σ) = F (σ) Ω˜(τ, σ) nˆr(τ, σ) 7 being the angular velocity and with Ω(r)(τ, σ) =
R−1(τ, ~σ) ∂r R(τ, σ). The angular velocity vanishes at spatial infinity and has an upper
bound proportional to the minimum of the linear velocity vl(τ) = x˙µ l
µ orthogonal to the
space-like hyper-planes. When the rotation axis is fixed and Ω˜(τ, σ) = ω = const., a simple
choice for the function F (σ) is F (σ) = 1
1+ω
2 σ2
c2
8.
Let us remark that the unit normal is lµ(τ, σu) = ǫµτ = const. and the lapse function is
1 + n(τ, σu) = ǫ
(
zµτ lµ
)
(τ, σu) = ǫ ǫµτ x˙µ(τ).
The embedding (2.14) has been used in the first paper of Ref.[10], on quantum mechanics
in non-inertial frames, in the form zµ(τ, σu) = xµ(τ) + F µ(τ, σu) = θ(τ) ǫµτ + Ar(τ, σu) ǫµr
with xµo = 0, θ(τ) = f
τ (τ), Ar(τ, σu) = f r(τ) + Rrs(τ, σ) σs, describing the freedom in the
choice of the mathematical time τ and with the world-line of the time-like observer having
the expression xµ(τ) = ǫµτ θ(τ)+ ǫ
µ
r Ar(τ, 0), namely with f r(τ) = Ar(τ, o) and f˙ r(τ) = w
r(τ)
c
(~w(τ) is the ordinary 3-velocity). If we choose θ(τ) = τ , we get from Eq.(2.2) uµ(τ) =
ǫµA u
A(τ) =
ǫµτ+ǫ
µ
r
wr(τ)
cr
1− ~w2(τ)
c2
, aµ(τ) = ǫµA u
A(τ) = 1
c2
∑
u w˙
u(τ) w¨u(τ)
(
1− ~w2(τ)
c2
)−3/2 (
ǫµτ+ǫ
µ
r
wr(τ)
c
)
.
The lapse function is 1 + n(τ) = f˙ τ (τ).
7 nˆr(τ, σ) defines the instantaneous rotation axis and 0 < Ω˜(τ, σ) < 2max
(
˙˜α(τ), ˙˜β(τ), ˙˜γ(τ)
)
.
8 Nearly rigid rotating systems, like a rotating disk of radius σo, can be described by using a function F (σ)
approximating the step function θ(σ − σo).
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To evaluate the non-relativistic limit for c → ∞, where τ = c t with t the absolute
Newtonian time and ∂τ =
1
c
∂t, we choose the gauge function F (σ) =
1
1+ω
2 σ2
c2
→c→∞ 1 −
ω2 σ2
c2
+O(c−4). This implies
Rar(τ, σ) →c→∞ Rar(τ)− ω
2 σ2
c2
∑
i
α˜i(τ)
∂ Rar(τ, σ)
∂ αi
|F (σ)=1 +O(c−4) =
def
= Rar(τ)− ω
2 σ2
c2
R(1)ar(τ) +O(c
−4), (2.15)
and we can introduce a new 3-velocity ~v(τ) by means of wr(τ) = c f˙ r(τ) = Rrs(τ) v
s(τ). We
have Ωr(τ, σ) = Ω˜(τ)nˆr(τ) +O(c−1) for the angular velocity and Ω(r)(τ, σ) = 0 +O(c−2).
Therefore the corrections to rigidly-rotating non-inertial frames coming from Møller con-
ditions are of order O(c−2) and become important at the distance from the rotation axis
where the horizon problem for rigid rotations appears.
Then, from Eqs. (2.14), (2.4), (2.7) and (2.11) we get
zµ(τ, σu) → xµ(τ) + ǫµr Rrs(τ) σs −
ω2 σ2
c2
ǫµr R
(1)r
s(τ) σ
s +O(c−4),
zµτ (τ, σ
u) → x˙µ(τ) + ǫµr ∂τ Rrs(τ) σs +O(c−3) =
= ǫµτ + ǫ
µ
r f˙
r(τ) +
1
c
ǫµr R
r
s(τ) ǫsuv Ω
u(τ) σv +O(c−3),
zµr (τ, σ
u) → ǫµs
[
Rsr(τ)− ω
2
c2
R(1)su(τ) (δ
u
r σ
2 + 2 σu σv δvr)
]
+O(c−4),
hrs(τ, σ
u) → δrs − 2 ω
2
c2
∑
u
Rur(τ)R
(1)u
v(τ) (δ
v
s + 2 σ
v σn δns) +O(c
−4),
n(τ) = 0, nr(τ, σ
u)→ 1
c
(
δrs v
s(τ) + ǫruv Ω
u(τ) σv
)
+O(c−3).
(2.16)
There is the enormous amount of bibliography, reviewed in Ref.[16], about the problems
of the rotating disk and of the rotating coordinate systems. Independently from the fact
whether the disk is a material extended object or a geometrical congruence of time-like
world-lines (integral lines of some time-like unit vector field), the idea followed by many
researchers [6, 17, 18] (in Refs.[18] are quoted the attempts to develop electro-dynamics
in rotating frames) is to start from the Cartesian 4-coordinates of a given inertial system,
to pass to cylindrical 3-coordinates and then to make a either Galilean (assuming a non-
relativistic behaviour of rotations at the relativistic level) or Lorentz transformation to
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comoving rotating 4-coordinates (see the locality hypothesis in the next Subsection), with a
subsequent evaluation of the 4-metric in the new coordinates. In other cases [19] a suitable
global 4-coordinate transformation is postulated, which avoids the horizon problem. Various
authors (see for instance Refs.[20]) do not define a coordinate transformation but only a
rotating 4-metric. Just starting from Møller rotating 4-metric [6], Nelson (see the second
paper in Ref.[13]) was able to deduce a 4-coordinate transformation implying it.
See Appendix A for the description of the rotating disk and the Sagnac effect in the 3+1
framework.
B. Congruences of Time-Like Observers Associated with an Admissible 3+1 Split-
ting, the 1+3 Point of View and the Locality Hypothesis
Each admissible 3+1 splitting of Minkowski space-time, having the time-like observer
xµ(τ) as origin of the 3-coordinates on the instantaneous 3-spaces Στ , automatically deter-
mines two time-like vector fields and therefore two congruences of (in general) non-inertial
time-like observers:
i) The time-like vector field lµ(τ, σu) ∂µ of the normals to the simultaneity surfaces Στ (by
construction surface-forming, i.e. irrotational), whose flux lines are the world-lines xµl,τo,σuo (τ),
uµ(τ) =
x˙µ
l,τo,σ
u
oq
ǫ x˙2
l.τo,σ
u
o
(τ)
, uµl,τo,σuo (τo) = l
µ(τo, σ
u
o ), of the so-called (in general non-inertial) Eule-
rian observers. The simultaneity surfaces Στ are (in general non-flat) Riemannian 3-spaces
in which every physical system is visualized and in each point the tangent space to Στ is the
local observer rest frame of the Eulerian observer through that point. The 3+1 viewpoint of
these observers is called hyper-surface 3+1 splitting.
ii) The time-like evolution vector field z
µ
τ (τ,~σ)√
ǫ gττ (τ,~σ)
∂µ, which in general is not surface-
forming (i.e. it has non-zero vorticity like in the case of the rotating disk). The observers
associated to its flux lines xµz,σuo (τ) = z
µ(τ, σuo ), u
µ
z,σuo
(τ) = z
µ
τ (τ,~σ)√
ǫ gττ (τ,~σ)
, have the local observer
rest frames, the tangent 3-spaces orthogonal to the evolution vector field, not tangent to Στ :
there is no notion of 3-space for these observers (1+3 point of view or threading splitting) and
no visualization of the physical system in large. However these observers can use the notion
of simultaneity associated to the embedding zµ(τ, ~σ), which determines their 4-velocity. Like
for the observer xµ(τ), their 4-velocity is not parallel to lµ(τ, σu). The 3+1 viewpoint of
these observers is called slicing 3+1 splitting.
Every 1+3 point of view considers only a time-like observer (either xµ(τ) or xµl,τo,σuo (τ) or
xµz,σuo (τ)) and tries to give a description of the physics in a region around the observer’s world-
line assumed known. Since there is no global notion of simultaneity, namely of instantaneous
3-space, one identifies the space-like hyper-planes orthogonal to the observer unit 4-velocity
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uµobs(τ) at every instant τ (the observer local rest frames) as local instantaneous 3-spaces
Σobs τ (strictly speaking it is a tangent space and not a 3-space). Then one makes a choice
of a tetrad V µobsA((τ)) =
(
uµobs(τ);V
µ
obs (r)(τ)
)
, ηµν V
µ
obs (A)(τ) V
ν
obs (B)(τ) = η(A)(B). The space
axes V µobs (r)(τ) can be chosen arbitrarily, even if often they are chosen as the tangents to
three space-like geodesics on Σobs τ at the observer position. After parallel transport of the
tetrad to the points of Σobs τ not on the observer world-line one tries to build an accelerated
4-coordinate system having the observer as origin of the 3-coordinates [21]. In the case of
the tangents to space-like geodesics one builds a local system of Fermi coordinates around
the observer world-line [22] (see also Ref.[23] for an updated discussion of fermi-Walker and
Fermi normal coordinates).
The drawback of this construction is that the τ -dependent family of hyper-planes Σobs τ
will have hyper-planes at different τ ’s intersecting at some distance from the observer world-
line, usually estimated by using the so-called acceleration radii of the observer. This implies
that every system of accelerated 4-coordinates of this type will develop coordinate singu-
larities when the hyper-planes intersect. As a consequence it is not possible to formulate a
well-posed Cauchy problem for Maxwell equations in these accelerated coordinate systems:
they can only be used for evaluating local semi-relativistic inertial effects.
At each instant τ the tetrads V µobs (A)(τ) coincide with some Lorentz matrix V
µ
obs (A)(τ) =
Λµν=A(τ), which connects the reference inertial frame to the instantaneous comoving inertial
frame associated with the accelerated observer at τ . A possibility is to use the tetrads
ǫµA(uobs(τ)) associated with the Wigner boost L
µ
ν(uobs(τ),
◦
uobs). This fact is at the heart of
the locality hypothesis [24] according to which an accelerated observer is physically equivalent
(for measurements) to a continuous family of hypothetical momentarily comoving inertial
observers.
If we parametrize the Lorentz transformation Λ(τ) as the product of a pure boost with a
pure rotation Λ(τ) = B(~β(τ))R(α(τ), β(τ), γ(τ)) and we call Rrs(τ) = Rrs(τ), we can write
(from Eq.(2.8) we have Bjk(~β(τ)) = δjk + (γ(τ)− 1) βj(τ)βk(τ)P
n (β
n(τ))2
)
V µobs (A)(τ) = Λ
µ
ν=A(τ) =
 1√1−~β2(τ) Rik(τ) βk(τ)√1−~β2(τ)
βj(τ)√
1−~β2(τ)
Rik(τ)B
jk(~β(τ))
 . (2.17)
Let us define the angular velocity ωr(τ) by means of
dRrs(τ)
dτ
def
= ǫruv ωu(τ)R
v
s(τ). Even if
the observer is connected with the embedding zµ(τ, ~σ), this angular velocity is not related
to the angular velocity defined after Eq.(2.14).
Finally, if we write
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dV µobs (A)(τ)
dτ
= Aobs (A)(B)(τ) V µobs (B)(τ),
⇒ Aobs (A)(B)(τ) = −Aobs (B)(A)(τ) =
dV µobs (A)(τ)
dτ
ηµν V
ν
obs (B)(τ), (2.18)
and we introduce the definitions aobs r(τ) = Aobs (τ)(r)(τ), Ωobs r(τ) = 12 ǫruvAobs (u)(v)(τ), then
the acceleration radii have the following definition [24]: I1(τ) =
∑
r
(
Ω2obs r(τ) − a2obs r(τ)
)
,
I2(τ) =
∑
r aobs r(τ) Ωobs r(τ). By means of Eq.(2.17) they can be expressed in terms of the
parameters of the Lorentz transformation and their τ -derivatives.
Finally let us remark that given an admissible 3+1 splitting of Minkowski space-time, the
infinitesimal spatial length dl in the instantaneous 3-spaces Στ is defined by putting dτ = 0
in the line element ds2 = gAB(τ, σ
u) dσA dσB, namely we have dl2 = grs(τ, σ
u) dσr dσs.
This global, but coordinate-dependent, definition has to be contrasted with the local, but
coordinate-independent, definition used in the 1+3 point of view as it is done for instance
in Landau-Lifschitz [17]. This definition is only locally valid in the local rest frame of an
observer: since there is no notion of instantaneous 3-space it cannot be used in a global way.
For a detailed comparison of these two notions of spatial length see Section II of the first
paper of Ref.[3].
C. Notations for the Electro-Magnetic Field in Non-Inertial Frames
Let us add some notations for the electro-magnetic field in the non-inertial frames, where
the instantaneous 3-space is either curved or flat but with rotating coordinates [in both cases
it is not Euclidean and has the 3-metric hrs of signature (+ + +)].
The basic field is the electro-magnetic potential AA = (Aτ ;Ar). We have A
A =
(Aτ ;AA) = gAB AB = g
Aτ Aτ + g
AsAs. Instead in inertial frames we have A
τ = ǫAτ ,
Ar = −ǫAr.
In non-inertial frames it is convenient to introduce the following ”Euclidean” notation:
A˜r = hrsAs 6= Ar (in inertial frames: A˜r = Ar = −ǫAr)
We shall adopt the following conventions for the electric and magnetic fields in terms of
FAB = ∂AAB − ∂B AA 9 :
a) In inertial frames we have 10
9 In the inertial case, where hrs = δrs implies V
rdef= V˜ r = Vr for the components of 3-vector ~V not
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Er = −Fτr = F τr = E˜r,
Br =
1
2
ǫruv Fuv =
1
2
ǫruv F
uv = B˜r, Fuv = F
uv = ǫuvr Br = ǫuvr B˜
r. (2.19)
b) In non-inertial frames we put the definitions
Er
def
= − Fτr, Br def= 1
2
ǫruv Fuv, Frs = ǫrsuBu. (2.20)
Since we have
FAB = gAC gBD FCD = (g
Aτ gBr − gAr gBτ )Fτr + gAr gBs Frs =
= (gAr gBτ − gAτ gBr)Er + ǫrsu gAr gBsBu,
F τu = (gτr gτu − gττ gur)Er + ǫrsn gτr gusBn =
= hur Er +
1
(1 + n)2
ǫrsn n
r husBn,
F uv = (gur gτv − gτu gvr)Er + ǫrsn gur gvsBn =
=
(hur nv − hvr nu)Er
(1 + n)2
+ ǫrsn
(
hur hvs − n
r (nv hus − nu hus)
(1 + n)2
)
Bn, (2.21)
by analogy with inertial frames we can put
F τr
def
= Eˇr, Eˇr = E˜r +
ǫuvn n
u hrv hnm B˜
m
(1 + n)2
6= E˜r = hrsEs,
F uv
def
= ǫuvr Bˇ
r, Bˇr =
2
(1 + n)2
ǫruv E˜
u nv +
+ ǫruv ǫksn
(
huk hvs − n
k (nv hus − nu hvs)
(1 + n)2
)
hnm B˜
m 6= B˜r = hrsBs. (2.22)
being the vector part of a 4-vector (like ~E and ~B), we can use the vector notation ~E = {Er} = {E˜r},
~B = {Br} = {B˜r}, ~E2 =
∑
r E
2
r =
∑
r (E˜
r)2, ~B2 =
∑
r B
2
r =
∑
r (B˜
r)2, (~˙ηi × ~B)r =
∑
uv ǫruv η˙
u
i Bv =∑
uv ǫruv η˙
u
i B˜
v, ( ~E × ~B)r =
∑
uv ǫruv EuBv =
∑
uv ǫruv E˜
u B˜v. Since V˜ r = hrs Vs 6= V r, we are not
going to use the vector notation in non-inertial frames.
10 ǫuvr is the Euclidean Levi-Civita tensor with ǫ123 = 1; ǫ
uvr is never introduced.
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III. PARAMETRIZED MINKOWSKI THEORIES AND THE INERTIAL REST-
FRAME INSTANT FORM FOR CHARGED PARTICLES PLUS THE ELECTRO-
MAGNETIC FIELD.
In this Section we will give a review of the description of the isolated system ”N charged
positive-energy scalar particles with Grassmann-valued electric charges plus the electro-
magnetic field” [9] in the framework of parametrized Minkowski theories [1, 5] (see also the
Appendix of the first paper in Refs.[11]).
Let be given an admissible 3+1 splitting of Minkowski space-time centered on a time-like
observer xµ(τ). Let σA = (τ ; σu) be the adapted observer-dependent radar 4-coordinates
and zµ(τ, σu) the embedding of the instantaneous 3-spaces Στ into Minkowski space-time as
seen from an arbitrary reference inertial observer. Let gAB(τ, σ
u) = zµA(τ, σ
u) ηµν z
ν
B(τ, σ
u)
be the associated 4-metric.
The electro-magnetic field is described by the Lorentz-scalar potential AA(τ, σ
u) knowing
the equal-time surface. The field strength is FAB(τ, σ
u) =
(
∂AAB − ∂B AA
)
(τ, σu).
The scalar positive-energy particles are described by the Lorentz-scalar 3-coordinates
ηri (τ) defined by x
µ
i (τ) = z
µ(τ, ηui (τ)), where x
µ
i (τ) are their world-lines. Qi are the
Grassmann-valued electric charges satisfying Q2i = 0, QiQj = Qj Qi 6= 0 for i 6= j. Each Qi
is an even bilinear function of a complex Grassmann variable θi(τ): Qi = e θ
∗
i (τ) θi(τ).
As shown in Ref.[9] the description of N scalar positive-energy particles with Grassmann-
valued electric charges plus the electro-magnetic field is done in parametrized Minkowski
theories with the action
S =
∫
dτ d3σL(τ, σu) =
∫
dτ L(τ),
L(τ, σu) = i
2
N∑
i=1
δ3(σu − ηui (τ))
[
θ∗i (τ)θ˙i(τ)− θ˙∗i (τ)θi(τ)
]
−
−
N∑
i=1
δ3(σu − ηui (τ))
[
mi c
√
ǫ [gττ (τ, σu) + 2 gτr(τ, σu) η˙ri (τ) + grs(τ, σ
u) η˙ri (τ) η˙
s
i (τ)]−
− Qi(τ)
c
(
Aτ (τ, σ
u) + Ar(τ, σ
u) η˙ri (τ)
)]
−
− 1
4c
√
−g(τ, σu) gAC(τ, σu) gBD(τ, σu)FAB(τ, σu)FCD(τ, σu). (3.1)
The canonical momenta are (for dimensional convenience we introduce a c factor in the
definition of the electro-magnetic momenta)
ρµ(τ, σ
u) = −ǫ ∂L(τ, σ
u)
∂zµτ (τ, σu)
=
=
N∑
i=1
δ3(σu − ηui (τ))mi c
zτµ(τ, σ
u) + zrµ(τ, σ
u) η˙ri (τ)√
ǫ [gττ (τ, σu) + 2 gτr(τ, σu) η˙ri (τ) + grs(τ, σ
u) η˙ri (τ) η˙
s
i (τ)]
+
+ ǫ
√−g(τ, σu)
4c
[
(gττ zτµ + g
τr zrµ) g
AC gBD FAB FCD −
− 2
(
zτµ (g
Aτ gτC gBD + gAC gBτ gτD) +
+ zrµ (g
Ar gτC + gAτ grC) gBD
)
FAB FCD)
]
(τ, σu) =
= [(ρν l
ν) lµ + (ρν z
ν
r ) γ
rs zsµ](τ, σ
u),
πτ (τ, σu) = c
∂L
∂∂τAτ (τ, σu)
= 0,
πr(τ, σu) = c
∂L
∂∂τAr(τ, σu)
=
γ(τ, σu)√−g(τ, σu) hrs(τ, σu) (Fτs − nu Fus)(τ, σu) =
= −
√
γ(τ, σu)
1 + n(τ, σu)
hrs(τ, σu)
(
Es − ǫsuv nuBv
)
(τ, σu),
κir(τ) = +
∂L(τ)
∂ η˙ri (τ)
=
Qi
c
Ar(τ, η
u
i (τ))−
− ǫmi c gτr(τ, η
u
i (τ)) + grs(τ, η
u
i (τ)) η˙
s
i (τ)√
ǫ [gττ (τ, ηui (τ)) + 2 gτr(τ, η
u
i (τ)) η˙
r
i (τ) + grs(τ, η
u
i (τ)) η˙
r
i (τ) η˙
s
i (τ)]
,
πθ i(τ) =
∂L(τ)
∂θ˙i(τ)
= − i
2
θ∗i (τ), πθ∗ i(τ) =
∂L(τ)
∂ θ˙
∗
i (τ)
= − i
2
θi(τ). (3.2)
The following Poisson brackets are assumed
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{zµ(τ, σu), ρν(τ, σ′ u} = −ǫ ηµν δ3(σu − σ
′u),
{AA(τ, σu), πB(τ, σ′u)} = c ηBA δ3(σu − σ
′u), {ηri (τ), κjs(τ)} = +δij δrs ,
{θi(τ), πθ j(τ)} = −δij , {θ∗i (τ), πθ∗ j(τ)} = −δij . (3.3)
The Grassmann momenta give rise to the second class constraints
πθ i +
i
2
θ∗i ≈ 0, πθ∗ i +
i
2
θi ≈ 0, {πθ i + i
2
θ∗i , πθ∗ j +
i
2
θj} = −iδij , (3.4)
so that πθ i and πθ∗ i can be eliminated with the help of Dirac brackets
{A,B}∗ = {A,B}− i [{A, πθ i+ i
2
θ∗i }{πθ∗ i+
i
2
θi, B}+{A, πθ∗ i+ i
2
θi}{πθ i+ i
2
θ∗i , B}]. (3.5)
As a consequence, the Grassmann variables θi(τ), θ
∗
i (τ), have the fundamental Dirac brackets
( we will still denote it as {., .} for the sake of simplicity)
{θi(τ), θj(τ)} = {θ∗i (τ), θ∗j (τ)} = 0, {θi(τ), θ∗j (τ)} = −i δij . (3.6)
If we introduce the energy-momentum tensor of the isolated system (in inertial frames
we have T⊥⊥ = T ττ and T⊥r = δrs T τs)
TAB(τ, σu) = − 2√
g(τ, σu)
δ S
δ gAB(τ, σu)
,
T µν = zµA z
ν
B T
AB = lµ lν T⊥⊥ + (lµ zνr + l
ν zµr ) γ
rs T⊥s + zµr z
µ
s T
rs,
T⊥⊥ = lµ lν T µν = (1 + n)2 T ττ ,
T⊥r = lµ zr ν T µν = −(1 + n) hrs (T ττ ns + T τs),
Trs = zr µ zs ν T
µν = nr ns T
ττ + (nr hsu + ns hru) T
τu + hru hsv T
uv,
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T⊥⊥(τ, σ
u) =
( 1
2 c
√
γ
[ 1√
γ
hrs π
r πs +
√
γ
2
hrs huv Fru Fsv
])
(τ, σu) +
+
N∑
i=1
δ3(σu − ηui (τ))√
γ(τ, σu)
(√
m2i c
2 + hrs
[
κir(τ)− Qi
c
Ar
] [
κis(τ)− Qi
c
As
)
(τ, σu)
]
,
T⊥s(τ, σu) =
(Frs πs
c
√
γ
)
(τ, ~σ)−
N∑
i=1
δ3(σu − ηui (τ))√
γ(τ, σu)
[
κi s − Qi
c
As(τ, σ
u)
]
,
Trs(τ, σ
u) =
(
hru hsv
[
− π
u πv
γ
+
nu nv
(1 + n)2
( nm πm
(1 + n)
√
γ
)2]
+
+
1
2
hrs
[hlm πl πm
γ
+
1
2
hlm huv Flu Fmv
]
+
[
hlm − n
l nm
(1 + n)2
]
Frl Fsm
)
(τ, σu) +
+
N∑
i=1
δ3(σu − ηui (τ))√
γ(τ, σu)
( [κi r − Qic Ar] [κi s − Qic As]√
m2i c
2 + huv
[
κiu(τ)− Qic Au
] [
κiv(τ)− Qic Av
])(τ, σu),
(3.7)
then from Eq.(3.2) we get
ρµ(τ, σ
u) =
(√−g zAµ T τA)(τ, σu) =
=
(
(1 + n)2
√
γ T ττ lµ + (1 + n)
√
γ
[
T τr + T ττ nr
]
zr µ
)
(τ, σu) =
=
(√
γ
[
lµ T⊥⊥ − zr µ hrs T⊥s
])
(τ, σu). (3.8)
Let us remark that, since all the dependence on the embeddings is in the 4-metric, the
Euler-Lagrange equations for the embeddings zµ(τ, σu) associated with the Lagrangian (3.1)
are (the symbol ’
◦
=’ means evaluated on the solutions of the equations of motion)
δ S
δ zµ(τ, σu)
=
( ∂L
∂zµ
− ∂A ∂L
∂zµA
)
(τ, σu) = 2 ηµν ∂A
[√−g TAB zνB](τ, σu) =
=
(√−g zCµ gCD TDA;A)(τ, σu) ◦=0, (3.9)
where TAB ;B(τ, σ
u) is the covariant derivative associated to the 4-metric gAB(τ, σ
u) induced
by the admissible 3+1 splitting of Minkowski space-time.
They may be rewritten in a form valid for every isolated system
(
∂A T
AB zµB
)
(τ, σu)
◦
= −(
1√−g ∂A [
√−g zµB]TAB
)
(τ, σu). When ∂A [
√−g zµB](τ, σu) = 0, as it happens in inertial
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frames in inertial Cartesian coordinates, we get the conservation of the energy-momentum
tensor TAB|inertial, i.e. ∂A TAB|inertial ◦=0. Then, after integrating over a 4-volume bounded
by a 3-volume V1 at τ1, a 3-volume V2 at τ2 > τ1 and a time-like 3-surface S12 joining them
and with section Sτ , boundary of a 3-volume Vτ , at τ , we get
d
dτ
∫
Vτ
d3σ TAτ |inertial(τ, σu) =
− ∫
Sτ
d2ΣB T
AB|inertial(τ, σu), namely the time-variation of the 4-momentum contained in
Vτ is balanced by the flux of energy-momentum through the boundary Sτ . For infinite
volume and suitable boundary conditions we get the conservation of the 4-momentum PA =∫
Στ
d3σ TAτ |inertial(τ, σu).
Otherwise, in non-inertial frames and also in inertial frames with non-Cartesian coor-
dinates we do not have a real conservation law, but the equation TAB ;B(τ, σ
u)
◦
=0, which,
like in general relativity, could be rewritten as a conservation law ∂B
(
TAB + tAB
)
(τ, σu)
◦
=0
involving a coordinate-dependent energy-momentum pseudo-tensor describing the ”energy-
momentum” of the foliation associated to the 3+1 splitting. Moreover a quantity as∫
Στ
d3ΣB T
AB|non−inertial(τ, σu) is not a tensor under frame-preserving diffeomorphisms (even
when TABnon−inertial transforms correctly as a tensor density), so that it cannot give rise to a
well defined coordinate-independent quantity. However, differently from general relativity
where the equivalence principle says that global inertial frames do not exist, in Minkowski
space-time it is always possible to revert to inertial frames and to find the standard 4-
momentum constant of motion, which is a 4-vector under the Poincare’ transformations
connecting inertial frames.
At the Hamiltonian level from Eqs.(3.2) we obtain the following five primary constraints
πτ (τ, σu) ≈ 0,
Hµ(τ, σu) = ρµ(τ, σu)− lµ(τ, σu)
√
γ(τ, σu) T⊥⊥(τ, σu) +
+ zrµ(τ, σ
u) hrs(τ, σu)
√
γ(τ, σu)T⊥s(τ, σ
u) ≈ 0, (3.10)
The Lorentz-scalar primary constraint πτ (τ, σu) ≈ 0 is a consequence of the invariance of
the action under electro-magnetic gauge transformations.
The canonical Hamiltonian Hc is
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Hc = +
N∑
i=1
κir(τ) η˙
r
i (τ) +
∫
d3σ
[1
c
πA ∂τ AA − ρµ zµτ − L
]
(τ, σu) =
=
1
c
∫
d3σ
[
∂r
(
πr(τ, σu)Aτ (τ, σ
u)
)
− Aτ (τ, σu) Γ(τ, σu)
]
= −1
c
∫
d3σ Aτ (τ, σ
u) Γ(τ, σu),
(3.11)
after the elimination of a surface term and the introduction of the quantity
Γ(τ, σu) ≡ ∂r πr(τ, σu) +
N∑
i=1
Qi δ
3(σu − ηui (τ)). (3.12)
As a consequence, the Dirac Hamiltonian is
HD =
∫
d3σ
[
λµHµ + µ πτ − 1
c
Aτ Γ
]
(τ, σu). (3.13)
Here λµ(τ, σu) and µ(τ, σu) are the Dirac multipliers associated with the primary con-
straints.
The requirement that the five primary constraints be τ -independent, i.e.
{πτ (τ, σu), HD} ≈ 0, {Hµ(τ, σu), HD} ≈ 0, implies only the Gauss’ law secondary
constraint
Γ(τ, σu) ≈ 0. (3.14)
The 6 constraints are all first class, since they satisfy the following Poisson brackets
{Γ(τ, σu), πτ (τ, σ′ u)} = {Γ(τ, σu),Hµ(τ, σ′ u)} = {πτ (τ, σu),Hµ(τ, σ′ u)} = 0
{Hµ(τ, σu),Hν(τ, σ′ u)} = 1
c
(
[lµ zrν − lν zrµ] π
r
√
γ
−
−zuµ hur Frs hsv zvν
)
(τ, σu) Γ(τ, σu) δ3(σu − σ′ u) ≈ 0. (3.15)
The constraints πτ (τ, σu) ≈ 0 and Γ(τ, σu) ≈ 0 are the canonical generators of the
electro-magnetic gauge transformations.
Instead the constraints Hµ(τ, σu) ≈ 0 generate the gauge transformations from an ad-
missible 3+1 splitting of Minkowski space-time to another one. These constraints can
be replaced with their projections Hr(τ, σu) = Hµ(τ, σu) zµr (τ, σu) ≈ 0, H⊥(τ, σu) =
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Hµ(τ, σu) lµ(τ, σu) ≈ 0, tangent and normal to the instantaneous 3-space Στ respectively.
Modulo the Gauss law constraint Γ(τ, σu) ≈ 0, the new constraints satisfy the universal
Dirac algebra of the super-hamiltonian and super-momentum constraints of canonical met-
ric gravity (see the first paper in Refs.[11]). The gauge transformations generated by the
constraint H⊥(τ, σu) change the instantaneous 3-spaces Στ (i.e. the clock synchronization
convention), while those generated by the constraints Hr(τ, σu) change the 3-coordinates on
Στ .
The Hamilton-Dirac equations are
∂ zµ(τ, σu)
∂ τ
=
(
(1 + n) lµ + nr zµr
)
(τ, σu)
◦
= − ǫλµ(τ, σu),
∂Aτ (τ, σ
u)
∂τ
◦
= {Aτ (τ, σu), HD} = µ(τ, σu),
∂Ar(τ, σ
u)
∂τ
◦
= {Ar(τ, σu), HD} = −
∫
d3σ
′
[(
λµ l
µ√γ
)
(τ, σ
′ u) {Ar(τ, σu), T⊥⊥(τ, σ′ u)} −
−
(
λµ z
µ
u h
us√γ
)
(τ, σ
′ u) {Ar(τ, σu), T⊥s(τ, σ′ u)}+
+
1
c
Aτ (τ, σ
′ u) {Ar(τ, σu),Γ(τ, σ′ u)}
]
,
∂πr(τ, σu)
∂τ
◦
= {πr(τ, σu), HD} = −
∫
d3σ
′
[(
λµ l
µ√γ
)
(τ, σ
′ u) {πr(τ, σu), T⊥⊥(τ, σ′ u)} −
−
(
λµ z
µ
u h
us√γ
)
(τ, σ
′ u) {πr(τ, σu), T⊥s(τ, σ′ u)}
]
,
dηri (τ)
dτ
◦
= {ηri (τ), HD} = −
∫
d3σ
′
[(
λµ l
mu√γ
)
(τ, σ
′ u) {ηri (τ), T⊥⊥(τ, σ
′ u)} −
−
(
λµ z
µ
u h
us√γ
)
(τ, σ
′ u) {ηri (τ), T⊥s(τ, σ
′ u)},
dκir(τ)
dτ
◦
= {κir(τ), HD} = −
∫
d3σ
′
[(
λµ l
mu√γ
)
(τ, σ
′ u) {κir(τ), T⊥⊥(τ, σ′ u)} −
−
(
λµ z
µ
u h
us√γ
)
(τ, σ
′ u) {κir(τ), T⊥s(τ, σ′ u)}+
+
1
c
Aτ (τ, σ
′ u) {κir(τ),Γ(τ, σ′ u)}
]
. (3.16)
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The Grassmann-valued electric charges are constants of the motion, dQi(τ)
dτ
◦
=0.
Since the embedding variables zµ(τ, σu) are the only configuration variables with Lorentz
indices, the ten conserved generators of the Poincare´ transformations are:
P µ =
∫
d3σρµ(τ, σu), Jµν =
∫
d3σ(zµρν − zνρµ)(τ, σu). (3.17)
The determination of the radiation gauge of the electro-magnetic field in non-inertial
frames will be done in the next Section.
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IV. THE HAMILTONIAN DESCRIPTION OF CHARGED PARTICLES AND
THE ELECTRO-MAGNETIC FIELD IN NON-INERTIAL FRAMES
In this Section we study the system of charged positive-energy scalar particles plus the
electro-magnetic field in a given admissible non-inertial frame. Then we define the radiation
gauge in non-inertial frames.
A. The Hamilton Equations in an Admissible Non-Inertial Frame.
Let us choose an admissible 3+1 splitting of the type (2.1) by adding the gauge fixing
constraints
χ(τ, σu) = zµ(τ, σu)− zµF (τ, σu) ≈ 0,
zµF (τ, σ
u) = xµ(τ) + F µ(τ, σu), F µ(τ, 0) = 0, (4.1)
to the first class constraints Hµ(τ, σu) ≈ 0 of Eqs.(3.10).
From the Hamilton-Dirac equations (3.16) we have that the Dirac multipliers λµ(τ, σu)
in the Dirac Hamiltonian (3.13) take the form
λµ(τ, σu)
◦
= −ǫ
(
x˙µ(τ) +
∂ F µ(τ, σu)
∂ τ
)
= −ǫ zµF τ (τ, σu) =
= −ǫ
[
(1 + nF ) l
µ
F + n
r
F ∂r F
µ
]
(τ, σu),
−λµ lµF = 1 + nF , λµ zµF s hsrF = nrF . (4.2)
Hµ(τ, σu) ≈ 0 and χ(τ, σu) ≈ 0 are second class constraints 11, which eliminate the
variables zµ(τ, ~σ) and ρµ(τ, σ
u). If we go to Dirac brackets, so that these constraints be-
come strongly zero, the Dirac Hamiltonian does not depend any more upon the constraints
Hµ(τ, σu) ≈ 0.
To find the new Dirac Hamiltonian HDF at the level of Dirac brackets (still denoted
{., .}) let us put the Dirac multiplier (4.2) in the Hamilton-Dirac equations (3.16) for all the
variables F = Aτ , Ar, πr, ηri , κir independent from the embeddings and their momenta
11 We assume {Hµ(τ, σu1 ), χ(τ, σu2 )} 6= 0 as a restriction of Fµ(τ, σu)
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∂ F(..)
∂ τ
◦
= {F(..), HD} =
=
∫
d3σ {F(..),
(
λµHµ + µ πτ − 1
c
Aτ Γ
)
(τ, σu)} =
◦
=
∫
d3σ {F(..),
(
(1 + nF )
√
γF T⊥⊥ + n
r
F
√
γF T⊥r + µ π
τ − 1
c
Aτ Γ
)
(τ, σu)} =
def
= {F(..), HDF}. (4.3)
As a consequence the new Dirac Hamiltonian is
HDF =
∫
d3σ
(
(1 + nF )
√
γF T⊥⊥ + nrF
√
γF T⊥r + µ πτ − 1
c
Aτ Γ
)
(τ, σu) =
=
∫
d3σ
(
(1 + nF (τ, σ
u))
[√
γF (τ, σu) T
′
⊥⊥(τ, σ
u) +
+
∑
i
δ3(σu − ηui (τ))
(√
m2i c
2 + hrsF
(
κir(τ)− Qi
c
Ar
)(
κis(τ)− Qi
c
As
))
(τ, σu)
]
+ nrF (τ, σ
u)
[
1
c
Frs(τ, σ
u) πs(τ, σu)−
∑
i
δ3(σu − ηui (τ))
(
κir(τ)− Qi
c
Ar(τ, σ
u)
)]
+ µ(τ, σu) πτ(τ, σu)− 1
c
Aτ (τ, σ
u) Γ(τ, σu)
)
, (4.4)
where the energy-momentum tensor is evaluated at zµ(τ, σu) = zµF (τ, σ
u)
(√
γF T
′
⊥⊥
)
(τ, σu) =
1
2c
( 1√
γF (τ, σu)
hF rs(τ, σ
u)πr(τ, σu) πs(τ, σu) +
+
√
γF (τ, σu)
2
hrsF (τ, σ
u) huvF (τ, σ
u)Fru(τ, σ
u)Fsv(τ, σ
u)
)
. (4.5)
The Hamilton-Dirac equations for the particle positions take the form
η˙ri (τ)
◦
=
(1 + nF) hrsF
(
κis(τ)− Qic As
)
√
m2i c
2 + huvF
(
κiu(τ)− Qic Au
)(
κiv(τ)− Qic Av
)
 (τ, ηui (τ))−
− nrF (τ, ηui (τ)), (4.6)
which can be inverted to get
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κir(τ) =
( hF rs(τ, ηui (τ))mic(η˙si (τ) + nsF)√(
1 + nF
)2
− hF uv
(
η˙ui (τ) + n
u
F
)(
η˙vi (τ) + n
v
F
))(τ, ηui (τ)) +
+
Qi
c
Ar(τ, η
u
i (τ)). (4.7)
For the particle momenta we get the Hamilton-Dirac equations
d
dτ
κir(τ)
◦
=
Qi
c
η˙ui (τ)
∂ Au(τ, η
u
i (τ))
∂ηri
+
Qi
c
∂ Aτ (τ, η
u
i (τ))
∂ηri
+ Fir(τ),
Fir(τ) =
( mi c [1 + nF ]−1√(
1 + nF
)2
− hF uv
(
η˙ui (τ) + n
u
F
)(
η˙vi (τ) + n
v
F
))(τ, ηui (τ))
(∂hF st(τ, ηui (τ))
∂ηri
(
η˙si (τ) + n
s
F (τ, η
u
i (τ))
)(
η˙ti(τ) + n
t
F (τ, η
u
i (τ))
)
− ∂nF (τ, η
u
i (τ))
∂ηri
+
+
∂nsF (τ, η
u
i (τ))
∂ηri
hF st(τ, η
u
i (τ))
(
η˙ti(τ) + n
t
F (τ, η
u
i (τ))
) )
, (4.8)
where Fir(τ) denotes a set of relativistic inertial forces.
As a consequence, the second order form of the particle equations of motion implied by
Eqs. (4.7) and (4.8) is
d
dτ
 hF rs mi c
(
η˙si (τ) + n
s
F
)
√(
1 + nF
)2
− hF uv
(
η˙ui (τ) + n
u
F
)(
η˙vi (τ) + n
v
F
)
 (τ, ηui (τ)) ◦=
◦
=
Qi
c
[
η˙ui (τ)
(
∂Au(τ, η
u
i (τ))
∂ηri
− ∂Ar(τ, η
u
i (τ))
∂ηui
)
+
(
∂Aτ (τ, η
U
i (τ))
∂ηri
− ∂Ar(τ, η
u
i (τ))
∂τ
)]
+
+ Fir(τ),
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or
mi c
d
dτ
 η˙si (τ) + nsF√(
1 + nF
)2
− hF uv
(
η˙ui (τ) + n
u
F
)(
η˙vi (τ) + n
v
F
)
 (τ, ηui (τ)) ◦=
◦
=
Qi
c
hsrF (τ, η
u
i (τ))
[
η˙ui (τ)
(
∂Au(τ, η
u
i (τ))
∂ηri
− ∂Ar(τ, η
u
i (τ))
∂ηui
)
+
+
(
∂Aτ (τ, η
u
i (τ))
∂ηri
− ∂Ar(τ, η
u
i (τ))
∂τ
)]
+ F˜ si (τ),
F˜ si (τ) =
=
( mi c (1 + nF)−1 hsrF√(
1 + nF
)2
− hF uv
(
η˙ui (τ) + n
u
F
)(
η˙vi (τ) + n
v
F
))(τ, ηui (τ))
[(∂hF st(τ, ηui (τ))
∂ηri
(
η˙si (τ) + n
s
F (τ, η
u
i (τ))
)(
η˙ti(τ) + n
t
F (τ, η
u
i (τ))
)
−
− ∂nF (τ, η
u
i (τ))
∂ηri
+
∂nsF (τ, η
u
i (τ))
∂ηri
hF st(τ, η
u
i (τ))
(
η˙ti(τ) + n
t
F (τ, η
u
i (τ))
) )
−
−
(∂ hF ru
∂ τ
+ η˙vi (τ)
∂ hF ru
∂ ηvi
)
(τ, ηui (τ))
(
η˙ui (τ) + n
u
F (τ, η
u
i (τ))
)]
. (4.9)
Here F˜ir(τ) is the form of inertial forces whose non-relativistic limit to rigid non-inertial
frames is evaluated in Subsection C.
If, as in Eqs.(2.20), we define the non-inertial electric and magnetic fields in the form 12
Er
def
=
(
∂Aτ
∂ηri
− ∂Ar
∂τ
)
= −Fτr,
Br
def
=
1
2
εruv Fuv = ǫruv ∂uA⊥ v ⇒ Fuv = εuvrBr, (4.10)
12 In the inertial case Eqs.(2.19) and (3.2) imply πs
◦
= −δsr Er = −E˜s, so that the components of the
energy-momentum tensor are Tττ
◦
= 12c
(
~E2 + ~B2
)
, Tτr
◦
= 1c
(
~E × ~B
)
r
.
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the homogeneous Maxwell equations, allowing the introduction of the electro-magnetic po-
tentials, have the standard inertial form ǫruv ∂uBv = 0, ǫruv ∂uEv +
1
c
∂ Br
∂τ
= 0.
Then also Eqs.(4.9) take the standard inertial form plus inertial forces
d
dτ
 hF rs mic
(
η˙si (τ) + n
s
F
)
√(
1 + nF
)2
− hF uv
(
η˙ui (τ) + n
u
F
)(
η˙vi (τ) + n
v
F
)
 (τ, ηui (τ)) ◦=
◦
=
Qi
c
[Er + ǫruv η˙
u
i (τ)Bv ] (τ, η
u
i (τ)) + Fir(τ). (4.11)
The Hamilton-Dirac equations for the electro-magnetic field are
∂
∂τ
Aτ (τ, σ
u)
◦
= c µ(τ, σu),
∂
∂τ
Ar(τ, σ
u)
◦
=
( ∂
∂σr
Aτ +
1 + nF√
γF
hF rs π
s + nsF Fsr
)
(τ, σu),
∂
∂τ
πr(τ, σu)
◦
=
∑
i
Qi η˙
r
i (τ) δ
3(σu − ηui (τ)) +
+
( ∂
∂σs
[
(1 + nF )
√
γF h
rs
F h
uv
F Fuv − (nsF πr − nrF πs)
])
(τ, σu). (4.12)
Eqs.(4.12) imply
πs(τ, σu) = −
[
−
√
γF
1 + nF
hsrF (Fτr − nvF Fvr)
]
(τ, σu) =
= −
√
−gF (τ, σu) gτAF (τ, σu) gsBF (τ, σu)FAB(τ, σu). (4.13)
If we introduce the charge density ρ¯, the charge current density j¯r and the total charge
Qtot =
∑
i Qi on Στ
ρ(τ, σu) =
1√
γF (τ, σu)
N∑
i=1
Qi δ
3(σu − ηui (τ)),
J
r
(τ, σu) =
1√
γF (τ, σu)
N∑
i=1
Qi η˙
r
i (τ) δ
3(σu − ηui (τ)),
⇒ Qtot =
∫
d3σ
√
γF (τ, σu) ρ(τ, σ
u), (4.14)
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then the last of Eqs.(4.12) can be rewritten in form
∂
∂σr
πr(τ, σu) ≈ −
√
γF (τ, σu) ρ(τ, σ
u),
∂ πr(τ, σu)
∂τ
◦
=
∂
∂σs
[√−gF hsvF hruF Fvu − (nsF πr − nrF πs)] (τ, σu) +
+
√
γF (τ, σu) J
r
(τ, σu). (4.15)
If we introduce the 4-current density sA(τ, σu)
sτ (τ, σu) =
1√−gF (τ, σu)
N∑
i=1
Qi δ
3(σu − ηui (τ)),
sr(τ, σu) =
1√−gF (τ, σu)
N∑
i=1
Qi η˙
r
i (τ) δ
3(σu − ηui (τ)), (4.16)
and we use (4.13), then Eqs.(4.15) can be rewritten as manifestly covariant equations for
the field strengths as in Ref.[25]
1√
−gF (τ, σu)
∂
∂σA
[√
−gF (τ, σu) gABF (τ, σu) gCDF (τ, σu)FBD(τ, σu)
] ◦
= − sC(τ, σu). (4.17)
Eqs.(4.17) imply the following continuity equation due to the skew-symmetry of FAB
1√
−gF (τ, σu)
∂
∂σC
[√
−gF (τ, σu) sC(τ, σu)
] ◦
=0,
or
1√
γF (τ, σu)
∂
∂τ
[√
γF (τ, σu) ρ(τ, σ
u)
]
+
1√
γF (τ, σu)
∂
∂σr
[√
γF (τ, σu) J
r
(τ, σu)
] ◦
=0,
(4.18)
so that consistently we recover d
dτ
Qtot
◦
=0.
See Appendix B for the expression of the Landau-Lifschitz non-inertial electro-magnetic
fields [17].
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B. The Radiation Gauge for the Electro-Magnetic Field in Non-Inertial Frames.
In Appendix C there is a general discussion about the non-covariant decomposition of
the vector potential ~A(τ, σu) and its conjugate momentum ~π(τ, σu) (the electric field) into
longitudinal and transverse parts in absence of matter. Only with this decomposition we
can define a Shanmugadhasan canonical transformation adapted to the two first class con-
straints generating electro-magnetic gauge transformations and identify the physical degrees
of freedom (Dirac observables) of the electro-magnetic field without sources. This method
identifies the radiation gauge as the natural one from the point of view of constraint theory.
Here we extend the construction to the case in which there are charged particles: this will
allow us to find the expression of the mutual Coulomb interaction among the charges in
non-inertial frames .
As in Eq.(C3) let us introduce the non-covariant flat Laplacian ∆ =
∑
r ∂
2
r in the instan-
taneous non-Euclidean 3-space Στ . We use the non-covariant notation ∂ˆ
r = δrs ∂s relying
on the positive signature of the 3-metric hF rs(τ, σ
u) = −ǫ gF rs(τ, σu). Since we have:
∆
(
− 1
4π
1√∑
u (σ
u − σ′ u)2
)
= δ3(σu, σ
′ u), or
1
∆
δ3(σu, σ
′ u) = − 1
4π
1√∑
u (σ
u − σ′ u)2 ,
(4.19)
with δ3(σu, σ
′ u) the delta function for Στ
13, we can introduce the projectors
Prs(σu, σ
′ u) = δrs δ3(σu, σ
′ u)− ∂ˆr ∂ˆs
(
− 1
4π
1√∑
u (σ
u − σ′ u)2
)
= P rs⊥ (σ
u) δ3(σu, σ
′ u),
P rs⊥ (σ
u) = δrs − ∂ˆ
r ∂ˆs
∆
. (4.20)
As a consequence the transverse part of the electro-magnetic quantities (∂ˆr A⊥r =
∂r A⊥r = 0, ∂r πr⊥ = 0) are
A⊥r(τ, σu) = δru
∫
d3σ
′
Prs(σu, σ
′ u)As(τ, σ
′ u) = δru P
us
⊥ (σ
u)As(τ, σ
u),
πr⊥(τ, σ
u) =
∑
s
∫
d3σ′Prs(σu, σ
′ u) πs(τ, σ
′ u) =
∑
s
P rs⊥ (σ
u) πs(τ, σu). (4.21)
Therefore the Gauss law constraint (3.12) implies the following decomposition of πr(τ, σu)
13 The delta functions are defined in Appendix C after Eq.(C3).
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πr(τ, σu) = πr⊥(τ, σ
u)+∂ˆr
∫
d3σ′
(
− 1
4π
1√∑
u (σ
u − σ′ u)2
) (
Γ(τ, σ
′ u)−
∑
i
Qi δ
3(σ
′ u, ηui (τ))
)
.
(4.22)
If, following Dirac [26], we introduce the variable canonically conjugate to Γ(τ, σu) (it
describes a Coulomb cloud of longitudinal photons)
ηem(τ, σ
u) = −
∫
d3σ′
(
− 1
4π
1√∑
u (σ
u − σ′ u)2
) (∑
r
∂ˆ
′ r Ar(τ, σ
′ u)
)
,
{ηem(τ, σu),Γ(τ, σ′ u)} = δ3(σu, σ′ u), (4.23)
we have the following non-covariant decomposition of the vector potential
Ar(τ, σ
u) = A⊥ r(τ, σu)− ∂r ηem(τ, σu). (4.24)
If we introduce the following new Coulomb-dressed momenta for the particles
κˇir(τ) = κir(τ) +
Qi
c
∂
∂ηri
ηem(τ, η
u
i (τ)),
⇒ κir(τ)− Qi
c
Ar(τ, η
u
i (τ)) = κˇir(τ)−
Qi
c
A⊥ r(τ, ηui (τ)) (4.25)
we arrive at the following non-covariant Shanmugadhasan canonical transformation in non-
inertial frames
Ar(τ, σ
u) ηri (τ)
πr(τ, σu) κir(τ)
7→
A⊥ r(τ, σu) ηem(τ, σu) ηri (τ)
πr⊥(τ, σ
u) Γ(τ, σu) ≈ 0 κˇir(τ)
,
{A⊥r(τ, σu), πs⊥(τ, σ
′ u)} = cPrs(σu, σ′ u) = c P rs⊥ (σu) δ3(σu, σ
′ u),
{ηri (τ), κˇis(τ)} = δrs δij . (4.26)
The electromagnetic part of the hamiltonian (4.4) can be expressed in terms of the new
canonical variables, since we have:
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∫
d3σ
√
γ(τ, σu)
[
(1 + nF ) T
′
⊥⊥ +
nrF
c
Frs π
s
]
(τ, σu) =
=
1
c
W(ηu1 (τ), ..., ηuN (τ)) +
∫
d3σ
√
γ(τ, σu)
[
(1 + nF ) Tˇ⊥⊥ + n
r
F Tˇ⊥r
]
(τ, σu) +
+
1
c
∫
d3σ aτ (τ, σ
u) Γ(τ, σu) +O(Γ2), (4.27)
where the energy-momentum tensor has the form
√
γ(τ, σu) Tˇ⊥⊥(τ, σu) = +
hF rs(τ, σ
u)
2 c
√
γF (τ, σu)
πr⊥(τ, σ
u) πs⊥(τ, σ
u) +
+
√
γF (τ, σu)
4 c
hrsF (τ, σ
u) huvF (τ, σ
u)Fru(τ, σ
u)Fsv(τ, σ
u),
√
γ(τ, σu) Tˇ⊥r(τ, σu) =
1
c
Frs(τ, σ
u) πs⊥(τ, σ
u). (4.28)
In Eq.(4.27) we have introduced the potentials (Frs = ∂r A⊥s − ∂sA⊥r )
W(ηu1 (τ), ..., ηuN(τ)) =
= +
∫
d3σ
hF rs(τ, σ
u)
(
1 + nF (τ, σ
u)
)
2
√
γF (τ, σu)
(
2 πr⊥(τ, σ
u) +
1
4π
∑
i
∂
∂σr
Qi√∑
u (σ
u − ηui (τ))2
)
 1
4π
∑
j
∂
∂σs
Qj√∑
u (σ
u − ηuj (τ))2
 +
+ nrF (τ, σ
u)Frs(τ, σ
u)
 1
4π
∑
j
∂
∂σs
Qj√∑
u (σ
u − ηuj (τ))2
 , (4.29)
and the function
aτ (τ, σ
u) =
∫
d3σ′
1
4π
√∑
u (σ
u − σ′ u)2
∂
∂σ′ r
[
nsF (τ, σ
′ u)Fsr(τ, σ
′ u) +
+
(1 + nF (τ, σ
′ u)) hF rs(τ, σ
′
)√
γF (τ, σ
′ u)
πs⊥(τ, σ′ u) + 14π ∑
j
∂
∂σ′ s
Qj√∑
u (σ
u − ηuj (τ))2
].
(4.30)
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Then, the Dirac Hamiltonian (4.4) has the following form in the new variables
HDF =
∑
i
(
1 + nF (τ, η
u
i (τ))
)
×
×
√
m2i c
2 + hrsF (τ, η
u
i (τ)) (κˇir(τ)−
Qi
c
A⊥ r(τ, ηui (τ))) (κˇis(τ)−
Qi
c
A⊥ s(τ, ηui (τ)))−
−
∑
i
nrF (τ, η
u
i (τ)) (κˇir(τ)−
Qi
c
A⊥ r(τ, ηui (τ))) +
+
1
c
W(ηu1 (τ), ..., ηuN(τ)) +
∫
d3σ
√
γ(τ, σu)
[
(1 + nF ) Tˇ⊥⊥ + nrF Tˇ⊥r
]
(τ, σu)
+
∫
d3σ µ(τ, σu) πτ(τ, σu)− 1
c
(
Aτ (τ, σ
u)− aτ (τ, σu)
)
Γ(τ, σu)
)
+O(Γ2), (4.31)
In Eq.(4.31) we can discard the term quadratic in the constraint Γ(τ, σu) ≈ 0, because it is
strongly zero according to constraint theory: it does never contribute to the dynamics on the
constraint sub-manifold (the only relevant region of phase space for constrained systems).
To get the non-covariant radiation gauge we add the gauge fixing
ηem(τ, σ
u) ≈ 0, (4.32)
implying Ar ≈ A⊥r due to Eq.(4.26). The τ -constancy, ∂ηem(τ,σ
u)
∂τ
≈ 0, of this gauge fixing,
together with the Gauss law constraint Γ(τ, σu) ≈ 0, implies the secondary gauge fixing
Aτ (τ, σ
u)− aτ (τ, σu) ≈ 0, (4.33)
so that we get
Aτ (τ, σ
u) ≈
∫
d3σ′
1
4π
√∑
u (σ
u − σ′ u)2
∂
∂σ′ r
[
nsF (τ, σ
′ u)Fsr(τ, σ
′ u) +
+
(
1 + nF (τ, σ
′ u)
)
hF rs(τ, σ
′ u)√
γF (τ, σ
′ u)
πs⊥(τ, σ′ u) + 14π ∑
j
∂
∂σ′ s
Qj√∑
u (σ
′ u − ηuj (τ))2
).
(4.34)
Therefore, in the radiation gauge the magnetic field of Eqs.(2.19) is transverse: Br =
ǫruv ∂uA⊥ v. But the electric field Er = −Fτr = −∂τ A⊥ r + ∂r Aτ is not transverse: it has
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E⊥ r = −∂τ A⊥ r as a transverse component. Instead the transverse quantity is πr⊥, which
coincides with δrsE⊥ s only in inertial frames, and whose expression in terms of the electric
and magnetic fields, determined by Eqs.(4.22) and (3.2), is πr⊥(τ, σ
u) =
[ √
γ
1+n
hrs (Es −
ǫsuv n
uBv)
]
(τ, σu) + ∂ˆr
(∑
i
Qi
4π
√P
u (σ
u−ηui (τ))2
)
.
The final form of the Dirac Hamiltonian in the radiation gauge (after the elimination of
the variables ηem, Γ, Aτ , π
τ by going to Dirac brackets) is
HDF =
∑
i
(
1 + nF (τ, η
u
i (τ))
)
×
×
√
m2i c
2 + hrsF (τ, η
u
i (τ)) (κˇir(τ)−
Qi
c
A⊥ r(τ, ηui (τ))) (κˇis(τ)−
Qi
c
A⊥ s(τ, ηui (τ)))−
−
∑
i
nrF (τ, η
u
i (τ)) (κˇir(τ)−
Qi
c
A⊥ r(τ, ηui (τ))) +
+
1
c
W(ηu1 (τ), ..., ηuN(τ)) +
∫
d3σ
√
γ(τ, σu)
[
(1 + nF ) Tˇ⊥⊥ + nrF Tˇ⊥r
]
(τ, σu) (4.35)
where TˇAB is given in Eq.(4.28). In HDF the components of gAB(τ, σ
u) are the inertial
potentials giving rise to the relativistic inertial forces.
The Hamilton-Dirac equations for the particles are (Fir(τ) is defined in Eq.(4.8))
η˙ri (τ)
◦
=
(
1 + nF (τ, η
u
i (τ))
)
hrsF (τ, η
u
i (τ))
(
κˇis(τ)− Qic A⊥ s(τ, ηui (τ))
)
√
m2i c
2 + huvF (τ, η
u
i (τ))
(
κˇiu(τ)− Qic A⊥u(τ, ηui (τ))
)(
κˇiv(τ)− Qic A⊥ v(τ, ηui (τ))
) −
− nrF (τ, ηui (τ)),
d
dτ
κˇir(τ)
◦
=
Qi
c
η˙ui (τ)
∂ A⊥u(τ, ηui (τ))
∂ ηri
− 1
c
∂
∂ηri
W(ηu1 (τ), ..., ηuN (τ)) + Fir(τ). (4.36)
In the second half of Eqs.(4.36) the sum of the inertial 2-body Coulomb potentials is
replaced by the non-inertial N-body potential W(ηu1 (τ), ..., ηuN(τ)) of Eq.(4.29), which can
be shown to have the following property due to Eq.(4.30)
∂W
∂ηri
= −Qi
(
∂aτ
∂σr
)
σu=ηui
≈ −Qi
(
∂Aτ
∂σr
)
σu=ηui
. (4.37)
In the radiation gauge the electric field of Eq.(2.19) is Er ≈ −∂τ A⊥r+∂r Aτ . Consistently
with Eq.(4.11) we have
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QiEr(τ, η
u
i (τ)) = −Qi
∂A⊥r(τ, ηui (τ))
∂τ
+Qi
(
∂Aτ (τ, σ
u)
∂σr
)
σu=ηui
≈
≈ −Qi∂A⊥r(τ, η
u
i (τ))
∂τ
− ∂W(η
u
1 (τ), ..., η
u
N(τ))
∂ηri
=
= QiE⊥r(τ, ηui (τ))−
∂W(ηu1 (τ), ..., ηuN (τ))
∂ηri
. (4.38)
The first of Eqs.(4.36) can be inverted to get
κˇir(τ) =
( hF rsmic(η˙si (τ) + nsF)√(
1 + nF
)2
− hF uv
(
η˙ui (τ) + n
u
F
)(
η˙vi (τ) + n
v
F
))(τ, ηui (τ)) +
+
Qi
c
A⊥ r(τ, ηui (τ)). (4.39)
See the next Subsection for its expression in a nearly non-relativistic frame.
In the general case to evaluate the integral in Eq.(4.39) we must regularize the function
trs(σu) = 1(P
u (σ
u)2
)3
/2
δrs − 3 σr σs(P
u (σ
u)2
)
, which is singular at σu = 0. By considering
it as a distribution, we must give a prescription to define the integral
∫
d3σ trs(σu) f(σu),
where f(σu) is a test function. Following Ref. [27], we consider the sphere SR centered in
the origin and defined by the relation
√∑
u (σ
u)2 < R and the space ΩR external to it of
the points such that
√∑
u (σ
u)2 ≥ R. The integral is written in the form∫
d3σ trs(σu) f(σu) =
∫
SR
d3σ trs(σu) f(σu) +
∫
ΩR
d3σ trs(σu) f(σu). (4.40)
The first term, containing the singularity, can be shown to have the expression
lim
R→0
∫
SR
d3σ trs(σu) f(σu) =
4π
3
δrs f(0). (4.41)
Regarding the second term in Eq.(4.40) we can define a distribution t
rs
(σu) such that the
following integral
lim
R→0
∫
ΩR
d3σ trs(σu) f(σu) =
∫
d3σ t
rs
(σu) f(σu) (4.42)
has no singularity in the origin. As a consequence we get
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trs(σu) =
4π
3
δrs δ3(σu) + t
rs
(σu). (4.43)
Therefore we get
W(ηu1 (τ), ..., ηuN(τ)) =
=
∑
i 6=j
∫
d3σ
hF rs(τ, σ
u)
(
1 + nF (τ, σ
u)
)
2
√
γF (τ, σu)(
1
4π
∂
∂σr
Qi√∑
u (σ
u − ηui (τ))2
)  1
4π
∂
∂σs
Qj√∑
u (σ
u − ηuj (τ))2
+
+
∫
d3σ
hF rs
(
1 + nF
)
√
γF
πr⊥ + n
r
F Frs
 (τ, σu)
 1
4π
∑
j
∂
∂σs
Qj√∑
u (σ
u − ηuj (τ))2
 .
(4.44)
After some integrations by parts we get
W(ηu1 (τ), ..., ηuN (τ)) =
=
∑
i 6=j
∫
d3σ
hF rs(τ, σ
u)
(
1 + nF (τ, σ
u)
)
2
√
γF (τ, σu)
(
1
16π2
QiQj√∑
u (σ
u − ηui (τ))2
)
trs(σu − ηuj (τ))−
+
∑
i 6=j
∫
d3σ
∂
∂σs
hF rs(τ, σu)
(
1 + nF (τ, σ
u)
)
2
√
γF (τ, σu)

(
1
4π
QiQj√∑
u (σ
u − ηui (τ))2
)  1
4π
σr − ηrj (τ)(∑
u (σ
u − ηuj (τ))2
)3
/2
−
−
∫
d3σ
 1
4π
∑
j
Qj√∑
u (σ
u − ηuj (τ))2
 ∂
∂σs
hF rs
(
1 + nF
)
√
γF
πr⊥ + n
r
F Frs
 (τ, σu),
(4.45)
and then we can get the following form
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W(ηu1 (τ), ..., ηuN(τ)) =
=
∑
i 6=j
1
12π
∑
r
hF rr(τ, ηuj (τ))
(
1 + nF (τ, η
u
j (τ))
)
2
√
γF (τ, ηuj (τ))
 QiQj√∑
u (η
u
j (τ)− ηui (τ))2
+
+
∑
i 6=j
∫
d3σ
(
1
4π
QiQj√∑
u (σ
u − ηui (τ))2
) [hF rs(τ, σu)(1 + nF (τ, σu))
2
√
γF (τ, σu)
t
rs
(σu − ηuj (τ))−
+
1
4π
σr − ηrj (τ)(∑
u (σ
u − ηuj (τ))2
)3
/2
∂
∂σs
hF rs(τ, σu)
(
1 + nF (τ, σ
u)
)
2
√
γF (τ, σu)
 ]−
−
∫
d3σ
 1
4π
∑
j
Qj√∑
u (σ
u − ηuj (τ))2
 ∂
∂σs
hF rs
(
1 + nF
)
√
γF
πr⊥ + n
r
F Frs
 (τ, σu),
(4.46)
which cab be checked to be explicitly symmetric in the exchange of ~ηi with ~ηj .
Finally the Hamilton equations for the transverse electro-magnetic fields A⊥r and πr⊥ in
the radiation gauge implied by the Dirac Hamiltonian (4.35) are
∂τ A⊥ r(τ, ~σ)
◦
= {A⊥ r(τ, ~σ), HDF} =
= δrn P
nu
⊥ (~σ)
[(1 + n) 3e(a)u 3e(a)v
3e
(
πv⊥ − δvm
∑
i
Qi ηi
∂ c(~σ, ~ηi(τ))
∂ σm
)
+
+ n¯(a)
3ev(a) Fvu
]
(τ, ~σ),
∂τ π
r
⊥(τ, ~σ)
◦
= {πr⊥(τ, ~σ), HDF} =
= P rn⊥ (~σ) δnm
(∑
i
ηiQi δ
3(~σ, ~ηi(τ))
3em(a)(τ, ~ηi(τ))
[ (1 + n) 3es(a) κˇis(τ)√
m2i c
2 + 3er(a)
(
κˇir(τ)− Qic A⊥ r
)
3es(a)
(
κˇis(τ)− Qic A⊥ s
) −
− n¯(a)
]
(τ, ~ηi(τ))+
43
+
[
(1 + n)
(
3e 3es(a)
3ev(b) (
3er(a)
3em(b) − 3em(a) 3er(b)) ∂r Fsv +
+ ∂r
[
3e 3es(a)
3ev(b) (
3er(a)
3em(b) − 3em(a) 3er(b))
]
Fsv
)
+
+ ∂r n
3e 3es(a)
3ev(b) (
3er(a)
3em(b) − 3em(a) 3er(b))Fsv +
+ n¯(a)
(
3er(a) ∂r π
m
⊥ + ∂r
3er(a) π
m
⊥ − ∂r 3em(a) πr⊥ +
+ (∂r
3er(a) δ
mt − ∂r 3em(a) δrt)
∑
i
ηiQi
∂ c(~σ, ~ηi(τ)))
∂ σt
+
+ (3er(a) δ
mt − 3em(a) δrt)
∑
i
ηiQi
∂2 c(~σ, ~ηi(τ)))
∂ σt ∂ σr
)
+
+ ∂r n¯(a) (
3er(a) δ
mt − 3em(a) δrt)
∑
i
ηiQi
∂ c(~σ, ~ηi(τ)))
∂ σt
]
(τ, ~σ)
)
. (4.47)
Here c(σu, σ
′ u) = 1
4π
√P
u (σ
u−σ′ u)2
and, following the general relativity notation of
Ref.[12], the metric has been expressed in terms of triads 3er(a) and cotriads
3e(a)r on Στ
as in Eq.(2.10): hF rs =
∑
a
3e(a)r
3e(a)s, h
rs
F =
∑
a
3er(a)
3es(a), γF =
3e. The shift functions of
Eq.(2.4) are replaced by n¯(a) = n
r 3e(a)r .
C. On the Non-Relativistic Limit
Let us consider the nearly non-relativistic limit of the embedding (2.10) given in
Eqs.(2.16). It can be done either before or after the choice of the radiation gauge.
Since we have hrs = δrs + O(c
−2), we can use the vector notation of the inertial frames
for the 3-vectors: ~V = {Vr = V˜ r} (since gττ = ǫ
(
1 −∑r (nrF )2) + O(c−2) = ǫ + O(c−2),
we still have V r = grA VA 6= V˜ r for 4-vectors VA). Therefore we have ~ˇκi = {κˇri} def= {κˇir},
~E = {Er = E˜r}+O(c−2), ~B = {Br = B˜r}+O(c−2), but ~A⊥ = {A⊥r = A˜r⊥ 6= Ar⊥}+O(c−2).
In these rigidly-rotating non-inertial frames the equations of motion (4.9) takes the form
(the Newtonian functions are f˜(t) = f(τ = c t); ~Ω(c t) has the components Ω˜(c t) defined
after Eq. (2.15))
mi
d
dt
[d ~ηi(c t)
dt
+ ~v(c t) + ~Ω(c t)× ~ηi(c t)
] ◦
= Qi
[
~E +
1
c
d ~ηi(c t)
dt
× ~B
]
(c t, ~ηi(c t)) +
+ ~Fi(c t),
~Fi(c t) = −mi ~Ω(c t)×
[
d ~ηi(c t)
dt
+ ~v(c t) + ~Ω(c t)× ~ηi(c t)
]
. (4.48)
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As a consequence the final form of the equations of motion of the particles is
mi
d2 ~ηi(c t)
dt2
◦
= +Qi
[
~E +
d ~ηi(c t)
dt
× ~B
]
(c t, ~ηi(c t)) + ~F (in)i (c t),
~F (in)i (c t) = ~Fi(c t) +mi
d
dt
(
~v(c t) + ~Ω(c t)× ~ηi(c t)
)
=
= −mi
[
~Ω(c t)×
(
~Ω(c t)× ~ηi(c t)
)
+ 2 ~Ω(c t)× d ~ηi(c t)
dt
+
d ~Ω(c t)
dt
× ~ηi(c t) +
+
d~v(c t)
dt
+ ~Ω(c t)× ~v(c t)
]
, (4.49)
~F (in)i (τ) is the sum of all the inertial forces (centrifugal, Coriolis, Jacobi, the two pieces of
the linear acceleration) present in Newtonian rigid non-inertial frames.
The equations of motion (4.36), (4.29) of the particles in the radiation gauge become
mi
d2 ~ηi(c t)
dt2
◦
= − ∂
∂ ~ηi
W(~η1(τ), ..., ~ηN(τ)) +Qi
[
−1
c
∂ ~A⊥
∂ t
+
1
c
d ~ηi(c t)
dt
× ~B
]
(c t, ~ηi(c t)) +
+ ~F (in)i (c t), (4.50)
where the non-inertial Coulomb potential takes the form (τ = ct)14
W(~η1(τ), ..., ~ηN(τ)) =
= +
∑
i>j
QiQj
4π | ~ηi(τ)− ~ηj(τ) | −
∑
i
Qi
c
[
~v(τ) · ~A⊥(τ, ~ηi(τ)) + ~Ω(τ)× ~ηi(τ) · ~A⊥(τ, ~ηi(τ))
]
.
(4.51)
finally the Hamiltonian (4.35) becomes
14 In this case from Eq.(4.30) we get
aτ (τ, ~σ) = −
[∑
k
Qk
4π | ~σ − ~ηk | −
~v
c
· ~A⊥(τ, ~σ)−
~Ω
c
× ~σ · ~A⊥(τ, ~σ)
]
,
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HˇR =
∑
i
√
m2i c
2 +
(
~ˇκi(τ)− Qi
c
~A⊥(τ, ~ηi(τ))
)2
+
∑
i>j
QiQj
4π c | ~ηi(τ)− ~ηj(τ) | +
+
1
2c
∫
d3σ
(
~π2⊥(τ, ~σ)− ~A⊥(τ, ~σ) ·
[
∆ ~A⊥(τ, ~σ)
] )
+
− ~v(τ)
c
·
[∑
i
~ˇκi(τ)− 1
c
∫
d3σ ~π⊥(τ, ~σ)× (~∂ × ~A⊥(τ, ~σ))
]
+
−
~Ω(τ)
c
·
[∑
i
~ηi(τ)× ~ˇκi(τ) + ~J (τ)
]
,
~J (τ) = −1
c
∫
d3σ
∑
r
πr⊥(τ, ~σ)
(
~σ × ~∂
)
A˜r⊥(τ, ~σ)− ~A⊥(τ, ~σ)× ~π⊥(τ, ~σ), (4.52)
where ~J (τ) is the total angular momentum of the electro-magnetic field.
It can be checked that this Hamiltonian generates the previous limit of the equations of
motion of the particles. In particular the first set of Hamilton equations is
1
c
d ~ηi(τ)
dt
=
~ˇκi(τ)− Qic ~A⊥(τ, ~ηi(τ))√
m2i c
2 +
(
~ˇκi(τ)− Qic ~A⊥(τ, ~ηi(τ))
)2 − ~v(τ)c − ~Ω(τ)c × ~ηi(τ). (4.53)
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V. THE INSTANT FORM OF DYNAMICS IN NON-INERTIAL FRAMES AND
IN THE INERTIAL AND NON-INERTIAL REST FRAMES.
In this Section we study the problem of the separation of the relativistic non-covariant
canonical 4-center of mass of an isolated system from the relative variables describing its
dynamics. We first recall how this problem is solved in the inertial rest-frame instant form
of dynamics [1, 3, 4, 5, 8]. As said in the Introduction the isolated system is described
as a decoupled pseudo-particle (described by the non-covariant canonical variables ~z and
~h) carrying a pole-dipole structure given by its invariant mass and its rest spin. On each
instantaneous Wigner 3-space, centered on the inertial observer corresponding to the Fokker-
Pryce 4-center of inertia, these quantities are functions of the relative variables of the isolated
system after the elimination of the internal 3-center of mass. The double counting of the
center of mass is avoided by the presence of three pairs of second class constraints: the
rest-frame conditions, i.e. the vanishing of the internal 3-momentum, and the vanishing of
the internal boosts.
In Subsection A we will show how to get these conditions in the inertial rest frames
starting from the embeddings (1.1), from the determination (3.8) of their conjugate momenta
and from the Poincare’ generators (3.17).
In Subsection B we will extend this construction to determine the three pairs of second
class constraints in an arbitrary admissible non-inertial frame described by the embeddings
(2.1) and centered on an arbitrary time-like observer. Again the isolated system can be
visualized as a pole-dipole carried by the external decoupled center of mass.
In Subsection C we will define the special family of the non-inertial rest-frames, centered
on the inertial Fokker-Pryce 4-center of inertia, and the associated non-inertial rest-frame in-
stant form. They are relevant because are the only global non-inertial frames allowed by the
equivalence principle (forbidding the existence of global inertial frames) in canonical metric
and tetrad gravity in globally hyperbolic, asymptotically flat (asymptotically Minkowskian)
space-times without super-translations, so to have the asymptotic ADM Poincare’ group
[11]. Also in this case we identify the three pairs of second class constraints eliminating the
internal 3-center of mass, visualizing the isolated system as a pole-dipole and allowing to
describe the dynamics on the instantaneous (non-Euclidean) 3-spaces only in terms of rela-
tive variables. Then in Subsection D we show how the Hamiltonian description of Section
IV has to be modified if we take this point of view in the description of the isolated system.
We also delineate the analogue of this procedure for the general case of Subsection B.
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A. The Inertial Rest-Frame Instant Form
As said in the Introduction every configuration of an isolated system, with associated
finite Poincare’ generators P µ, Jµν , identifies a unique inertial frame in an intrinsic way:
the inertial rest frame whose Euclidean instantaneous 3-spaces (the Wigner 3-spaces) are
orthogonal to the conserved 4-momentum P µ of the configuration. The embedding corre-
sponding to the inertial rest frame, centered on the Fokker-Pryce center of inertia, is given
in Eq.(1.1)
The generators of the external realization of the Poincare’ algebra are (following footnote
10 we use only ǫijk; M and
~¯S have vanishing Poisson brackets with ~z and ~h and we have
{S¯i, S¯j} = δim δjn ǫmnk S¯k)
P o = Mchµ, hµ =
(√
1 + ~h2;~h
)
,
J i = δim ǫmnk
(
zn hk + S¯k
)
, Ki = −
√
1 + ~h2 zi +
δin ǫnjk S¯
j hk
1 +
√
1 + ~h2
,
(5.1)
while those of the unfaithful internal realization of the Poincare’ algebra determined by the
energy-momentum tensor (in inertial frames Eqs.(3.8) imply T⊥⊥ = T ττ and T⊥r = δrs T τs)
are
Mc =
∫
d3σ T ττ (τ, σu), S¯r =
1
2
δrs ǫsuv
∫
d3σ σu T τv(τ, σu),
Pr =
∫
d3σ T τr(τ, σu) ≈ 0, Kr = −
∫
d3σ σr T ττ (τ, σu) ≈ 0. (5.2)
The constraints ~P ≈ 0 are the rest-frame conditions identifying the inertial rest frame.
Having chosen the Fokker-Pryce center of inertia as origin of the 3-coordinates, the
(interaction-dependent) constraints ~K ≈ 0 are their gauge fixing: they eliminate the in-
ternal 3-center of mass so not to have a double counting (external, internal). Therefore the
isolated system is described by the external non-covariant 3-center of mass ~z, ~h, and by an
internal space of Wigner-covariant relative variables (M and ~¯S depend only upon them).
Eqs. (5.1) and (5.2) are obtained in the following way. If we put the embedding (1.1),
namely zµ(τ, σu) = Y µ(0)+hµ τ+ǫµr (
~h) σr = Y µ(0)+ǫµA(
~h) σa, in Eq.(3.8), we get ρµ(τ, σu) ≈
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hµ T ττ (τ, σu) + ǫµr (
~h) T τr(τ, σu) = ǫµA(
~h) TAτ (τ, σu). Then the first of Eqs.(3.17) implies
P µ =Mchµ if Mc =
∫
d3σ T ττ (τ, σu) and Pr = ∫ d3σ T τr(τ, σu) ≈ 0.
The second of Eqs.(3.17) gives Jµν =
(
Y µ(o) ǫνA(
~h) − Y ν(0) ǫµA(~h)
) ∫
d3σ TAτ (τ, σu) +
ǫµA(
~h) ǫνB(
~h)SAB with SAB =
∫
d3σ
(
σA TBτ − σB TAτ
)
(τ, σu). By using Pr ≈ 0 we get
Jµν ≈ Mc
(
Y µ(0) hν − Y ν(0) hµ
)
+ ǫµA(
~h) ǫνB(
~h)SAB with Sτr ≈ ∫ d3σ σr T ττ (τ, σu) and
Srs =
∫
d3σ
(
σr T sτ − σs T rτ
)
(τ, σu). Then, by using the expression of the Fokker-Pryce
4-center of inertia given in Eq.(2.20) of Ref.[8], i.e. Y µ(τ) = Y µ(0) + hµ τ with Y µ(0) =(√
1 + ~h2
~h·~z
Mc
; ~z
Mc
+
~h·~z
Mc
~h +
~VS
Mc (1+
√
1+~h2)
)
, as a function of τ , ~z, ~h, Mc and of ~¯S, and the
expression of ǫµA(
~h) given after Eq.(1.1), we get:
a) J ij = zi hj − zj hi + δir δjs ǫrsk
∫
d3σ σr T sτ (τ, σu), which coincides with Eq.(5.1) if ~¯S
has the expression given in Eq.(5.2);
b) Joi = −
√
1 + ~h2 zi + δin ǫnjk S¯
j hk + ǫoτ (
~h) ǫir(
~h)Sτr, which coincides with Eq.(5.1) if
Kr = −Sτr ≈ 0 as in Eqs.(5.2).
Therefore we have SAB ≈ (δAr δBτ − δAτ δBr )Kr + δAr δBs ǫrsk S¯k ≈ δAr δBs ǫrsk S¯k.
As shown in Ref.[8], the restriction of the embedding zµ(τ, σu) to the Wigner 3-spaces
(1.1) implies the replacement of the Dirac Hamiltonian (3.13) with the new one
HDW = Mc +
∫
d3σ
(
µ πτ − Aτ Γ
)
(τ, σu). (5.3)
Therefore, consistently with Eqs.(5.2), the effective Hamiltonian is the invariant mass
of the isolated system, whose conserved rest spin is ~¯S. As already said, the three pairs of
second class constraints ~P ≈ 0, ~K ≈ 0, eliminate the internal 3-center of mass.
As shown in Refs.[8, 9], in the rest-frame instant form it is possible to restrict the descrip-
tion of N charged positive-energy particles plus the electro-magnetic field to the radiation
gauge (see next Section for the non-inertial case), where all the electro-magnetic quantities
are transverse. The mutual Coulomb interaction among the particles appears in this gauge,
the Hamiltonian (5.3) reduces to Mc and we get the following form of the internal Poincare’
generators (5.2) 15
15 In this equation we use the notation ~κi(τ) for the Coulomb-dressed momenta ~ˇκi(τ) = ~κi(τ)− ∂ ηem(τ,~ηi(τ))∂ ~ηi
belonging to the Shanmugadhasan canonical basis defined in Eqs.(4.26).
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E(int) = Pτ(int) c = M c2 = c
∫
d3σ T ττ (τ, ~σ) =
= c
N∑
i=1
√
m2i c
2 +
(
~κi(τ)− Qi
c
~A⊥(τ, ~ηi(τ))
)2
+
+
∑
i 6=j
QiQj
4π | ~ηi(τ)− ~ηj(τ) | +
1
2
∫
d3σ [~π2⊥ + ~B
2](τ, ~σ) =
= c
N∑
i=1
(√
m2i c
2 + ~κ2i (τ)−
Qi
c
~κi(τ) · ~A⊥(τ, ~ηi(τ))√
m2i c
2 + ~κ2i (τ)
)
+
+
∑
i 6=j
QiQj
4π | ~ηi(τ)− ~ηj(τ) | +
1
2
∫
d3σ [~π2⊥ + ~B
2](τ, ~σ),
~P(int) =
∫
d3σ T rτ (τ, ~σ) =
N∑
i=1
~κi(τ) +
1
c
∫
d3σ [~π⊥ × ~B](τ, ~σ) ≈ 0,
J r(int) = S¯r =
1
2
δrs ǫsuv
∫
d3σ σu T vτ (τ, ~σ) =
=
N∑
i=1
(
~ηi(τ)× ~κi(τ)
)r
+
1
c
∫
d3σ(~σ ×
(
[~π⊥ × ~B]
)r
(τ, ~σ),
Kr(int) = S¯τr = −S¯rτ = −
∫
d3σ σr T ττ (τ, ~σ) =
= −
N∑
i=1
ηri (τ)
(√
m2i c
2 + ~κ2i (τ)−
Qi
c
~κi(τ) · ~A⊥(τ, ~ηi(τ))√
m2i c
2 + ~κ2i (τ)
)
+
+
1
c
N∑
i=1
1..N∑
j 6=i
QiQj
[ ∫
d3σ
1
4π |~σ − ~ηj(τ)|
∂
∂ σr
1
4π |~σ − ~ηi(τ)| +
+
ηrj (τ)
4π |~ηi(τ)− ~ηj(τ)|
]
−
− 1
c
N∑
i=1
Qi
∫
d3σ
πr⊥(τ, ~σ)
4π |~σ − ~ηi(τ)|
− 1
2c
∫
d3σ σr (~π2⊥ + ~B
2)(τ, ~σ) ≈ 0. (5.4)
Note that, as required by the Poincare’ algebra in an instant form of dynamics, there are
interaction terms both in the internal energy and in the internal Lorentz boosts, but not in
the 3-momentum and in the angular momentum.
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As shown in Ref.[8], we can reconstruct the original gauge potential A˜µ(x) in the radiation
gauge. It has the following form
A˜µ(Y α(τ) + ǫαr (
~h) σr) =
P µ
Mc
∑
i
Qi
|~σ − ~ηi(τ)| − ǫ
µ
r (
~h)Ar⊥(τ, σ
u). (5.5)
B. Amissible Non-Inertial Frames
Let us now see whether in an arbitrary admissible non-inertial frame, centered on an
arbitrary non-inertial observer and described by the embeddings (2.1), we can arrive at the
same picture of an isolated system as a decoupled external canonical non-covariant center
of mass ~z, ~h, carrying a pole-dipole structure, with the external Poincare’ generators given
by expressions like Eqs.(5.1) and with the dynamics described by suitable relative variables
after an appropriate elimination of the internal 3-center of mass inside the instantaneous
3-spaces. If this is possible, there will be a new expression for the internal invariant massM ,
a new effective spin ~˜S (supposed to satisfy the Poisson brackets of an angular momentum
and such that J i = δim ǫmnk
(
zn hk + S˜k
)
) and a new form of the three pairs of second class
constraints replacing the expressions given in Eqs.(5.2) for the case of the inertial rest frame
centered on the Fokker-Pryce center of inertia.
Now the embeddings (2.1) imply the form (3.8) for the conjugate momenta ρµ(τ, ~σu).
Therefore we must evaluate the Poincare’ generators (3.17) by using Eqs.(2.1) and (3.8).
By equating the resulting expressions with Eqs.(5.1) we will find the new expression of the
invariant mass, of the effective spin and of the second class constraints.
Since the embedding (2.1) depend on the asymptotic tetrads ǫµA, we must express them
in terms of the tetrads ǫµA(
~h) determined by P µ (whose expression is given after Eq.(1.1)):
ǫµA = ΛA
B(~h) ǫµB(
~h) with Λ(~h) a Lorentz matrix.
Then, by using Eqs.(2.1), (3.8) and (5.1) the first of Eqs.(3.17) becomes
P µ = Mchµ = Mc ǫµτ (
~h) ≈ ǫµA PˆA = PˆA ΛAB(~h) ǫµB(~h) =
= PˆA
[
ΛA
τ (~h) hµ + ΛA
r(~h) ǫµr (
~h)
]
,
PˆA =
∫
d3σ
√
γ(τ, σu)
[
T⊥⊥ lA − T⊥s hsr ∂r FA
]
(τ, σu), (5.6)
with lA(τ, σu) given in Eq.(2.7).
Therefore the invariant massM and the three constraints P˜r ≈ 0 replacing the rest-frame
conditions are
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Mc ≈ PˆA ΛAτ (~h), P˜r = PˆA ΛAr(~h) ≈ 0, ⇒ PˆA ≈ McΛτA(~h). (5.7)
If we define
SˆAB =
∫
d3σ
√
γ(τ, σu)
[(
fA(τ) + FA(τ, σu)
)(
T⊥⊥ lB − T⊥s hsr ∂r FB
)
(τ, σu)−
−
(
fB(τ) + FB(τ, σu)
)(
T⊥⊥ l
A − T⊥s hsr ∂r FA
)
(τ, σu)
]
=
= fA(τ) PˆB − fB(τ) PˆA + SˆCD ΛCA(~h) ΛDB(~h),
SˆAB =
∫
d3σ
√
γ(τ, σu)
[
FC(τ, σu)
(
T⊥⊥ l
D − T⊥s hsr ∂r FD
)
(τ, σu)−
− FD(τ, σu)
(
T⊥⊥ lC − T⊥s hsr ∂r FC
)
(τ, σu)
]
ΛC
A(~h) ΛD
B(~h) =
def
= (δAr δ
B
τ − δAτ δBr ) Kˆr + δAr δBs ǫrsk Sˆk, (5.8)
then, by using Eq.(5.7), the second of Eqs.(3.17) becomes
Jµν ≈ (xµo ǫνA − xνo ǫµA) PˆA + ǫµA ǫνB SˆAB =
= PˆB ΛBA(~h)
(
xµo ǫ
ν
A(
~h)− xνo ǫµA(~h)
)
+ SˆCD ΛC
A(~h) ΛD
B(~h) ǫµA(
~h) ǫνB(
~h) =
= PˆA ΛAD(~h)
[(
xµo + f
B(τ) ΛB
C(~h) ǫµC(
~h)
)
ǫνD(
~h)−
−
(
xνo + f
B(τ) ΛB
C(~h) ǫνC(
~h)
)
ǫµD(
~h)
]
+ ǫµA(
~h) ǫνB(
~h) SˆAB ≈
≈ Mc
[(
xµo + f
B(τ) ΛB
C(~h) ǫµC(
~h)
)
hν −
−
(
xνo + f
B(τ) ΛB
C(~h) ǫνC(
~h)
)
hµ
]
+ ǫµA(
~h) ǫνB(
~h) SˆAB. (5.9)
After some algebra Eqs.(5.1) and (5.9) imply
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J ij = zi hj − zj hi + δiu δjv ǫuvk S˜k ≈
≈ Mc
[(
xio + f
B(τ) ΛB
C(~h) ǫiC(
~h) +
1
Mc
[
ǫir(
~h) K˜r + δ
im ǫmnk h
n Sˆk
1 +
√
1 + ~h2
])
hj −
−
(
xjo + f
B(τ) ΛB
C(~h) ǫjC(
~h) +
1
Mc
[
ǫjr(
~h) Kˆr + δ
jm ǫmnk h
n Sˆk
1 +
√
1 + ~h2
])
hi
]
+
+ δim δjn ǫmnk Sˆ
k =
def
= X i hj −Xj hi + δiu δjv ǫuvk Sˆk, (5.10)
Joi = −
√
1 + ~h2 zi − δ
im ǫmnk h
n S˜k
1 +
√
1 + ~h2
≈
≈ Mc
[
xoo + f
B(τ) ΛB
C(~h) ǫoC(
~h) +
∑
r h
r Kˆr
Mc
]
hi −
−
√
1 + ~h2
[
xio + f
B(τ) ΛB
C(~h) ǫiC(
~h) +
1
Mc
(
ǫir(
~h) Kˆr + δ
im ǫmnk h
n Sˆk
1 +
√
1 + ~h2
)]
−
− δ
im ǫmnk h
n Sˆk
1 +
√
1 + ~h2
=
def
= Xo hi −
√
1 + ~h2X i − δ
im ǫmnk h
n Sˆk
1 +
√
1 + ~h2
, (5.11)
where in the last lines we introduced the definition of the quantities Xo and X i.
This implies the reformulation of the isolated system as an external center of mass ~z, ~h,
plus a pole-dipole structure M and ~˜S.
If we solve Eq.(5.11) in ~z, we get ~z = ~X −Xo ~h√
1+~h2
− ( ~ˆS− ~˜S)×~h√
1+~h2 (1+
√
1+~h2)
(we use a vector
notation). If we put this expression in Eq.(5.10), we get the following equation: [(
~ˆ
S − ~˜S)×
~h]×~h =
√
1 + ~h2 (1 +
√
1 + ~h2) (
~ˆ
S − ~˜S). It implies ( ~ˆS − ~˜S) · ~h = 0 and then we get
S˜r ≈ Sˆr, (5.12)
namely the effective spin ~˜S is given by Sˆrs of Eqs.(5.8).
By using Eq.(5.12) inside Eq.(5.11) we get three constraints, eliminating the internal
3-center of mass and allowing to re-express the dynamics inside the instantaneous 3-spaces
only in terms of relative variables, which are
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Mc
[
xoo + f
B(τ) ΛB
C(~h) ǫoC(
~h) +
∑
r h
r Kˆr
Mc
]
hi −
√
1 + ~h2
[
xio − zi +
+ fB(τ) ΛB
C(~h) ǫiC(
~h) +
1
Mc
(
ǫir(
~h) Kˆr + δ
im ǫmnk h
n Sˆk
1 +
√
1 + ~h2
)]
≈ 0,
⇓
Kˆr ≈ Mchr
(
xoo + f
B(τ) ΛB
C(~h) ǫoC(
~h)−
∑
u h
u
(
xuo − zu + fB(τ) ΛBC(~h) ǫuC(~h)
)
1 +
√
1 + ~h2
)
−
−
(
xro − zr + fB(τ) ΛBC(~h) ǫrC(~h) +
δrm ǫmnk h
n Sˆk
Mc (1 +
√
1 + ~h2)
)
. (5.13)
They replace the constraints Kr ≈ 0 of Subsection A.
Now we have SˆAB ≈ δAr δBs ǫrsk Sˆk + (δAr δBτ − δAτ δBr ) Kˆr.
Let us remark that that if we put ΛA
B(~h) = δBA and x
µ
o + f
B(τ) ΛB
C(~h) ǫµC(
~h) = Y µ(0) +
hµ τ , then we recover the results of Subsection A for the inertial rest frame centered on the
Fokker-Pryce inertial observer.
Instead the conditions ΛA
B(~h) = δBA and f
B(τ) ΛB
C(~h) ǫµC(
~h) = hµ τ , identifying the
inertial rest frame centered on the inertial observer xµo + h
µ τ , have the constraints Kr ≈ 0
replaced by Eqs.(5.13).
Equations of the type (5.7), (5.12) and (5.13) holds not only for admissible embeddings
with pure differential rotations like the ones of Eq.(2.14), but also for the admissible em-
beddings with pure linear acceleration. If in Eq.(2.1) we put F τ (τ, σu) = 0, F r(τ, σu) = σr,
so that the embedding becomes zµ(τ, σu) = xµo + ǫ
µ
τ f
τ (τ) + ǫµr
(
f r(τ) + σr
)
, the instan-
taneous 3-spaces are space-like hyper-planes orthogonal to lµ = ǫµτ and we get hrs = δrs,
1+n(τ) = f˙ τ (τ), nr(τ) = δrs f˙
s(τ). In the case of Eq.(2.13), i.e. f r(τ) = 0 and f τ (τ) = f(τ),
we get 1 + n(τ) = f˙(τ), nr = 0. If f
τ (τ) = τ and f r(τ) = ar = const., we have inertial
frames centered on inertial observers: changing ar we change the inertial observer origin of
the 3-coordinates σr.
Let us remark that the final Dirac Hamiltonian (4.35) does not coincide with Mc due to
the presence of the inertial potentials gAB(τ, σ
u).
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C. The Non-Inertial Rest Frames
The family of non-inertial rest frames for an isolated system consists of all the admissible
3+1 splittings of Minkowski space-time whose instantaneous 3-spaces Στ tend to space-like
hyper-planes orthogonal to the conserved 4-momentum of the isolated system at spatial
infinity. Therefore they tend to the Wigner 3-spaces (1.1) of the inertial rest frame asymp-
totically.
These non-inertial frames can be centered on the external Fokker-Pryce center of inertia
like the inertial ones and are described by the following embeddings
zµ(τ, σu) ≈ zµF (τ, σu) = Y µ(τ) + uµ(~h) g(τ, σu) + ǫµr (~h) [σr + gr(τ, σu)],
→|~σ|→∞zµW (τ, σu) = Y µ(τ) + ǫµr (~h) σr, xµ(τ) = zµF (τ, 0u),
g(τ, 0u) = gr(τ, 0u) = 0, g(τ, σu) →|~σ|→∞ 0, gr(τ, σu) →|~σ|→∞ 0. (5.14)
These embeddings are a special case of Eqs.(4.1) with xµ(τ) = Y µ(τ) and F µ(τ, σu) =
ǫµτ (
~h) g(τ, σu) + ǫµr (
~h) [σr + gr(τ, σu)] , ǫµτ (
~h) = hµ = Y˙ µ(τ).
For the induced metric we have
zµτ (τ, σ
u) ≈ zµF τ (τ, σu) = hµ [1 + ∂τ g(τ, σu)] + ǫµr (~h) ∂τ gr(τ, σu),
zµr (τ, σ
u) ≈ zµF r(τ, σu) = hµ ∂r g(τ, σu) + ǫµs (~h) [δsr + ∂r gs(τ, σu)],
ǫ gF ττ (τ, σ
u) = [1 + ∂τ g(τ, σ
u)]2 −
∑
r
[∂τ g
r(τ, σu)]2 =
=
[
(1 + nF )
2 − hrsF nF r nF s
]
(τ, σu),
ǫ gF τu(τ, σ
u) = [1 + ∂τ g(τ, σ
u)] ∂u g(τ, σ
u)−
∑
r
∂τ g
r(τ, σu) [δru + ∂u g
r(τ, σu)] =
=
(
[1 + ∂τ g] ∂u g − ∂τ gu −
∑
r
∂τ g
r ∂u g
r
)
(τ, σu) = −nF u(τ, σu),
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ǫ gF uv(τ, σ
u) = −hF uv(τ, σu) =
= ∂u g(τ, σ
u) ∂v g(τ, σ
u)−
∑
r
[δru + ∂u g
r(τ, σu)] [δrv + ∂v g
r(τ, σu)] =
= −δuv +
(
∂u g ∂v g − (∂u gv + ∂v gu)−
∑
r
∂u g
r ∂v g
r
)
(τ, σu),
(5.15)
The admissibility conditions of Eqs.(2.9), plus the requirement 1 + nF (τ, σ
u) > 0, can be
written as restrictions on the functions g(τ, σu) and gr(τ, σu).
The unit normal lµF (τ, σ
u) and the tangent 4-vectors zµF r(τ, σ
u) to the instantaneous 3-
spaces Στ can be projected on the asymptotic tetrad h
µ = ǫµτ (
~h), ǫµr (
~h)
zµF r(τ, σ
u) =
[
∂r g h
µ + ∂r g
s ǫµs (
~h)
]
(τ, σu)
lµF (τ, σ
u) =
[ 1√
γ
ǫµαβγ z
α
F1 z
β
F2 z
γ
F3
]
(τ, σu) =
=
1√
γ(τ, σu)
[
det (δsr + ∂r g
s) hµ −
− δra ǫasu ǫvwt ∂v g ∂w gs ∂t gu ǫµr (~h)
]
(τ, σu),
1 + nF (τ, σ
u) = ǫ zµτ (τ, σ
u) lFµ(τ, σ
u) =
=
1√
γ(τ, σu)
[
(1 + ∂τ g det (δ
s
r + ∂r g
s)−
− ∂τ gr ǫrsu ǫvwt ∂v g ∂w gs ∂t gu
]
(τ, σu),
l2F (τ, σ
u) = ǫ, ⇒ γF (τ, σu) =
[(
det (δsr + ∂r g
s)
)2
−
− 2 ǫvwt ∂v g ∂w gs ∂t gu ǫhmn ∂h g ∂m gs ∂n gu
]
(τ, σu).
(5.16)
To define the non-inertial rest-frame instant form we must find the form of the internal
Poincare’ generators replacing the ones of the inertial rest-frame one, given in Eqs.(5.2).
Eq.(3.8) and the first of Eqs.(3.17) imply
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P µ = Mchµ =
∫
d3σ ρµ(τ, σu) ≈
≈ hµ
∫
d3σ
√
γ(τ, σu)
(det (δsr + ∂r gs)√
γF
TF ⊥⊥ −
− ∂r g hrsF TF ⊥s
)
(τ, σu) +
+ ǫµu(
~h)
∫
d3σ
(
− δ
ua ǫasr ǫvwt ∂v g ∂w g
s ∂t g
r
√
γF
TF ⊥⊥ −
− (δur + ∂r gu) hrsF TF ⊥s
)
(τ, σu) =
def
=
∫
d3σ T µF (τ, σu), (5.17)
so that the internal mass and the rest-frame conditions become (Eqs.(5.2) are recovered for
the inertial rest frame)
Mc =
∫
d3σ
(det (δsr + ∂r gs)√
γ
TF ⊥⊥ − ∂r g hrsF TF ⊥s
)
(τ, σu),
Pˆu =
∫
d3σ
(
− δ
ua ǫasr ǫvwt ∂v g ∂w g
s ∂t g
r
√
γF
TF ⊥⊥ −
− (δur + ∂r gu) hrsF TF ⊥s
)
(τ, σu) ≈ 0.
(5.18)
By using Eqs.(3.17) for the angular momentum we get Jµν ≈ ∫ d3σ (zµF ρνF−zνF ρµF)(τ, σu)
with ρµF (τ, σ
u) =
[√
γF
(
T⊥⊥ l
µ
F − T⊥s hsrF zµFr
)]
(τ, σu), where zµF , z
µ
Fr and l
µ
F are given in
Eqs.(5.14), (5.15) and (5.16) respectively. The description of the isolated system as a pole-
dipole carried by the external center of mass ~z requires that we must identify the previous
J ij and Joi with the expressions like the ones given in Eqs.(5.1), now functions of ~z, ~h, Mc
of Eq.(5.18) and of an effective spin ~˜S. This identification will allow to find the effective
spin ~˜S and three constraints K˜r ≈ 0 eliminating the internal 3-center of mass: in the limit
of the inertial rest frame they must reproduce the quantities in Eqs.(5.2).
By using Eqs.(5.18) this procedure implies (Kˆr and Sˆr are the analogue of the quantities
defined in Eqs.(5.8) for the embedding (5.14))
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Jµν ≈
∫
d3σ
(
zµF ρ
ν
F − zνF ρµF
)
(τ, σu) =
= Mc
(
Y µ(0) hν − Y ν(0) hµ
)
+ Pˆu
(
Y µ(0) ǫνu(
~h)− Y ν(0) ǫµu(~h)
)
+
+
(
τ Pˆu + Kˆu
)(
hµ ǫνu(
~h)− hν ǫµu(~h)
)
+ δun ǫnvr Sˆ
r ǫµu(
~h) ǫνv(
~h) ≈
≈ Mc
(
Y µ(0) hν − Y ν(0) hµ
)
+ Kˆu
(
hµ ǫνu(
~h)− hν ǫµu(~h)
)
+
+ δun ǫnvr Sˆ
r ǫµu(
~h) ǫνv(
~h),
so that we get
J ij = zi hj − zj hi + δiu δjv ǫuvk S˜k ≈
≈ Mc
(
Y i(0) hj − Y j(0) hi
)
+ Kˆu
(
hi ǫju(
~h)− hj ǫiu(~h)
)
+
+ δun ǫnvr Sˆ
r ǫiu(
~h) ǫjv(
~h),
Joi = −
√
1 + ~h2 zi +
δin ǫnjk S˜
j hk
1 +
√
1 + ~h2
≈
≈ Mc
(
Y o(0) hi − Y i(0) ho
)
+ Kˆu
(
ho ǫiu(
~h)− hi ǫou(~h)
)
+
+ δun δvm ǫnmr Sˆ
r ǫou(
~h) ǫiv(
~h). (5.19)
As a consequence, by using the expression of Y µ(0) given after Eq.(5.2), the constraints
eliminating the 3-center of mass and the effective spin are
Kˆu =
∫
d3σ
(
g
[
δur ∂r g TF ⊥⊥ − (δur + ∂r gu) hrsF TF ⊥s
]
−
− (σu + gu)
[det (δsr + ∂r gs)√
γ
TF ⊥⊥ − ∂r g hrsF TF ⊥s
])
(τ, σu) ≈ 0,
S˜r ≈ Sˆr = 1
2
δrn ǫnuv
∫
d3σ
(
(σu + gu)
[
δvm ∂m g TF ⊥⊥ − (δvr + ∂r gv) hrsF TF ⊥s
]
−
− (σv + gv)
[
δum ∂m g TF ⊥⊥ − (δur + ∂r gu) hrsF TF ⊥s
])
(τ, σu). (5.20)
and these formulas allow to recover Eqs.(5.2) of the inertial rest frame.
Therefore the non-inertial rest-frame instant form of dynamics is well defined.
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D. The Hamiltonian of the Non-Inertial Rest-Frame Instant Form
We have now to find which is the effective Hamiltonian of the non-inertial rest-frame
instant form replacing Mc of the inertial rest-frame one. The gauge fixing (5.20) is a special
case of Eqs.(4.1), whose final Dirac Hamiltonian is given in Eq.(4.4) [or in Eq.(4.35) in the
radiation gauge].
To be able to impose this gauge fixing, let us put F µ(τ, σu) = hµ g(τ, σu) + ǫµr (
~h) [σr +
gr(τ, σu)] in Eq.(4.1), but let us leave xµ(τ) as an arbitrary time-like observer to be restricted
to Y µ(τ) at the end. We will only assume that xµ(τ) is canonically conjugate with P µ =∫
d3σ ρµ(τ, σu), {xµ(τ), P ν} = −ǫ ηµν .
Due to the dependence of F µ(τ, σu) and of Y µ(τ) on ~h = ~P/
√
ǫP 2 we must develop a
different procedure for the identification of the Dirac Hamiltonian.
In this case the constraints (3.10) can be rewritten in the following form (T µF (τ, σu) is
defined in Eq.(5.17))
Hµ(τ, σu) = H˜µ(τ, σu) + δ3(σu)
∫
d3σ1Hµ(τ, σu1 ) ≈ 0,
with
∫
d3σ H˜µ(τ, σu) ≡ 0,
⇓
ρµ(τ, σu) ≈ P µ δ3(σu) +
[
T µF (τ, σu)− δ3(σu)RµF (τ)
]
=
= δ3(σu)Hµ(τ) + T µF (τ, σu),
Hµ(τ) = P µ −RµF (τ) ≈ 0, RF (τ)
def
=
∫
d3σ T µF (τ, σu).
(5.21)
In this way the original canonical variables zµ(τ, ~σ), ρµ(τ, ~σ) are replaced by the observer
xµ(τ), P µ and by relative variables with respect to it.
From Eq.(5.14) we get:
a) the gauge fixing to the constraints H˜µ(τ, σu) ≈ 0 is
ψµr (τ, σ
u) =
∂ χµ(τ, σu)
∂ σr
=
(
zµr − ǫµs (~h)
[
δsr +
∂ gs
∂ σr
− uµ(~h) ∂ g
∂ σr
])
(τ, σu) ≈ 0; (5.22)
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b) the gauge fixing to the constraints Hµ(τ) = P µ − RµF ≈ 0 is χµ(τ, 0) = zµ(τ, 0) −
Y µ(τ) = xµ(τ)− Y µ(τ) ≈ 0.
The gauge fixing (5.22) has the following Poisson brackets with the collective variables
xµ(τ), P µ
{P µ, ψνr (τ, σu)} = 0,
{xµ(τ), ψνr (τ, σu)} = −
∂ ǫνs (
~h)
∂ Pµ
(
δsr +
∂ gs(τ, σu)
∂ σr
)
− ∂ ǫ
ν
τ (
~h)
∂ Pµ
∂ g(τ, σu)
∂ σr
6= 0. (5.23)
Therefore xµ(τ) is no more a canonical variable after the gauge fixing ψµr (τ, σ
u) ≈ 0.
By introducing the notation (ǫAµ = η
AB ǫBµ ⇒ ǫτµ(~h) = ǫ hµ)
T µF (τ, σu)
def
= hµ T τF (τ, σu) + ǫµr (~h) T rF (τ, σu), ⇒ T AF (τ, σu) = ǫAµ (~h) T µF (τ, σu), (5.24)
the angular momentum generator of Eq.(3.17) takes the form
Jµν = xµ(τ)P ν − xν(τ)P µ + Sµν ,
Sµν ≈ ǫµr (~h) ǫνs(~h)
∫
d3σ
[
(σr + gr) T s − (σs + gs) T r
]
(τ, σu) +
+
(
ǫµr (
~h) ǫντ (
~h)− ǫνr (~h) ǫµτ (~h)
) ∫
d3σ
[
(σr + gr) T τ + g T r
]
(τ, σu) =
= ǫµA(
~h) ǫνB(
~h)SAB,
Srs =
∫
d3σ
[
(σr + gr) T s − (σs + gs) T r
]
(τ, σu)
def
= δrn ǫnsu J u,
Sτr = −Srτ = −
∫
d3σ
[
(σr + gr) T τ + g T r
]
(τ, σu)
def
= Kr, (5.25)
where only the constraints H˜µ(τ, σu) ≈ 0 have been used.
Since we have
{xµ(τ), Sαβ} = 0,
{∂ z
µ(τ, σu)
∂ σr
, Sαβ} =
(∂ zβ
∂ σr
ηµα − ∂ z
α
∂ σr
ηµβ
)
(τ, σu) ≈
≈
([
ǫβs (
~h) (δsr +
∂ gs
∂r
) + hβ
∂ g
∂ σr
]
ηµα
)
(τ, σu), (5.26)
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after the gauge fixing the new canonical variable for the observer becomes
x˜µ(τ) = xµ(τ)− 1
2
ǫσ A(~h)
∂ ǫAρ (
~h)
∂ Pµ
Sσρ, {x˜µ(τ), ψνr (τ, ~σ)} = 0. (5.27)
If we eliminate the relative variables by going to Dirac brackets with respect to the second
class constrainta H˜µ(τ, σu) ≈ 0, ψµr (τ, σu) ≈ 0, the canonical variables zµ(τ, σu), ρµ(τ, σu)
are reduced to the canonical variables x˜µ(τ), P µ.
By defining RF (τ) = ǫ hµRµF (τ) ≈Mc =
√
ǫP 2, the remaining constraints are
Hµ(τ) = hµ
(√
ǫP 2 −Rf (τ)
)
+ ǫµr (
~h) Pˆr,
or ǫhµHµ(τ) =
√
ǫP 2 −RF (τ) ≈ 0, ǫrµ(~h)Hµ(τ) = Pˆr ≈ 0.
(5.28)
Like in Eqs.(4.1) and (4.2), after this reduction the Dirac multiplier λµ(τ, σu) in the Dirac
Hamiltonian (3.16) becomes
λµ(τ, σ
u) = ǫ hµ
(
λτ (τ)− ∂g(τ, σ
u)
∂τ
)
+ ǫ ǫµ r(~h)
(
λr(τ)− ∂g
r(τ, σu)
∂τ
) ◦
=
◦
= −ǫ ∂z
µ
F (τ, σ
u)
∂τ
(5.29)
At this stage the Dirac Hamiltonian depends only on the residual Dirac multipliers λτ (τ)
and ~λ(τ)
HD = λτ (τ) (
√
ǫP 2 −RF )− ~λ(τ) · ~ˆP +
∫
d3σ
(∂ gr
∂ τ
TF r + ∂g
∂τ
TF τ
)
(τ, σu), (5.30)
where we introduced the notation TF A(τ, σu) def= ǫ ǫµA(~h) T µF (τ, σu) so that T τF =
TF τ , T rF = −ǫ TF r.
To implement the gauge fixing xµ(τ)− Y µ(τ) ≈ 0 requires two other steps:
1) Firstly we impose the gauge fixing x˜µ(τ) hµ = ǫ τ . It implies λτ (τ) = −1 and
√
ǫP 2 =
Mc ≡ RF . The Dirac Hamiltonian becomes
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HF D = M c− ~λ(τ) · ~ˆP +
∫
d3σ
[
µ πτ − Aτ Γ
]
(τ, σu),
M c = Mc +
∫
d3σ
(∂ gr
∂ τ
TF r + ∂g
∂τ
TF τ
)
(τ, σu). (5.31)
2) Then we add the gauge fixing Kˆr ≈ 0 to the rest-frame conditions Pˆr ≈ 0. In this
way we get xµ(τ) ≈ Y µ(τ) and we also eliminate the internal 3-center of mass. Having
chosen the Fokker-Pryce external 4-center of inertia Y µ(τ) as origin of the 3-coordinates the
constraints Kˆr ≈ 0 correspond to the requirement Sτr ≈ 0.
In conclusion the effective Hamiltonian M c (modulo electro-magnetic gauge transfor-
mations) of the non-inertial rest-frame instant form is not the internal mass Mc, since it
describes the evolution from the point of view of the asymptotic inertial observers. There is
an additional term interpretable as an inertial potential producing relativistic inertial effects
(see Eqs.(5.16) for 1 + nF (τ, σ
u) and Eqs.(5.15) for nF r(τ, σ
u))
M c = Mc +
∫
d3σ
(∂ gr
∂ τ
TF r + ∂g
∂τ
TF τ
)
(τ, σu) =
=
∫
d3σ ǫ
([
hµ
(
1 +
∂g
∂τ
)
+ ǫµ r
∂gr
∂τ
]
T µF
)
(τ, σu) =
=
∫
d3σ
√
γ(τ, σu)
(
(1 + nF ) TF ⊥⊥ + nrF TF ⊥ r
)
(τ, σu) (5.32)
where
√
γ(τ, σu)TF ⊥⊥(τ, σu) =
√
γ(τ, σu) T ′F ⊥⊥(τ, σ
u) +
+
∑
i
δ(σu − ηui )
√
m2i c
2 + hrsF (τ, σ
u) (κir(τ)−QiAr(τ, σu)) (κis(τ)−QiAs(τ, σu)),√
γ(τ, σu)TF ⊥ r(τ, σu) = Frs(τ, σu) πs(τ, σu)−
∑
i
δ(σu − ηui ) (κir(τ)−QiAr(τ, σu)),(5.33)
with T ′⊥⊥ given in Eq. (4.28).
Let us remark that a similar procedure should be applied also to the gauge fixing (4.1)
if we want to reproduce the results of Subsection B for arbitrary non-inertial frames. We
do not add these calculations, because they agrees substantially with the results of this
Subsection and do not alter the conclusions of Section IV.
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VI. NON-INERTIAL MAXWELL EQUATIONS IN NEARLY RIGID ROTATING
FRAMES
In the 3+1 point of view the Maxwell equations (4.17) in an arbitrary inertial frame are
identical to the Maxwell equations in general relativity, but now the 4-metric is describing
only the inertial effects present in the given frame. Therefore we can adapt the techniques
used in general relativity to non-inertial frames, for instance the definition of electric and
magnetic fields done in Ref.[28] (see Appendix B) or the geometrical optic approximation
to light rays of Ref.[29].
For the 1+3 point of view on this topic see for instance Ref.[30] and its bibliography. In
particular, for the treatment of electromagnetic wave in rotating frame by means of Fermi
coordinates [31] and for the determination of the helicity-rotation coupling, as a special case
of spin-rotation coupling [32, 33]. In all these calculations the locality hypothesis is used.
In the case of linear acceleration an analysis of the inertial effects has been done in
Ref.[34]. The same non-inertial 4-metric has been used in Ref.[35] to study the optical
position meters constituents of the laser interferometers on ground used for the detection
of gravitational waves. However the 4-metric used has a bad behavior at spatial infinity, so
that the conclusions on the electro-magnetic waves in these frames (even if supposed to hold
at distances smaller than those where there are coordinate singularities) are questionable
because the Cauchy problem for Maxwell equations is not well posed.
In this Section we study some properties of electro-magnetic waves and of geometrical
optic approximation to light rays in the radiation gauge in the admissible rotating non-
inertial frame defined by the embedding (2.14), ensuring a well-posed Cauchy problem, at
small distances from the rotation axis where the O(c−1) deviations from rigid rotations
is governed by Eqs.(2.15) and (2.16). Even if we will ignore these deviations, doing the
calculations in the radiation gauge in locally rigidly rotating frames, they could be taken
into account in a more refined version of the subsequent calculations base on the 3+1 point of
view, which is free from coordinate singularities. This would also allow to verify the validity
of the locality hypothesis. In particular we consider the Phase Wrap Up effect [31, 36], the
Sagnac effect [37, 38] and the Faraday Rotation [39].
A. The 3+1 Point of View on Electro-Magnetic Waves and Light Rays in Nearly
Rigidly Rotating Non-Inertial Frames.
Let us consider a non-inertial frame of the type (2.14) with vanishing linear acceleration
and τ -independent angular velocity and centered on an inertial observer. In the notation of
Eqs.(2.15), (2.16) and (4.48), we have xµ(τ) = ǫµτ τ , i.e. ~v(τ) = ~w(τ) = 0, and
~Ω(τ) = ~Ω =
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const. (whose components are Ω˜r = const.). We will ignore the higher order terms, so that
locally we have a rigidly rotating frame, but with more effort small deviations from rigid
rotation could be taken into account.
In this case the Hamiltonian (4.35), or (4.52), gives the following Hamilton equations for
the transverse electro-magnetic field ( ~A⊥ = {A⊥ r = A˜r⊥ 6= Ar⊥}+O(c−2))
∂A˜r⊥(τ, ~σ)
∂τ
= πr⊥(τ, ~σ)−
1
c
∫
d3σ′
[
−~Ω · ~σ′ × ~∂′ ~A⊥(τ, ~σ′) + ~Ω× ~A⊥(τ, ~σ′)
]s
Psr(~σ′, ~σ),
∂πr⊥(τ, ~σ)
∂τ
= ∆A˜r⊥(τ, ~σ)−
1
c
∫
d3σ′
[
−~Ω · ~σ′ × ~∂′ ~π⊥(τ, ~σ′) + ~Ω× ~π⊥(τ, ~σ′)
]s
Psr(~σ′, ~σ) +
+
∑
i
Qi
(
~˙ηi(τ) + ~Ω× ~ηi(τ)
)s
Psr(~ηi, ~σ). (6.1)
For the study of homogeneous solutions of these equations, i.e. for incoming electro-
magnetic waves propagating in regions where there are no charged particles, these equations
can be replaced with the following ones (we use the vector notation of Subsection C of
Section IV)
∂ ~A⊥(τ, ~σ)
∂τ
= ~π⊥(τ, ~σ)− 1
c
[
−~Ω · ~σ × ~∂ ~A⊥(τ, ~σ) + ~Ω× ~A⊥(τ, ~σ)
]
,
∂~π⊥(τ, ~σ)
∂τ
= ∆ ~A⊥(τ, ~σ)− 1
c
[
−~Ω · ~σ × ~∂ ~π⊥(τ, ~σ) + ~Ω× ~π⊥(τ, ~σ)
]
. (6.2)
As shown in Appendix B, this result allows to recover the form given by Schiff in Appendix
A of ref.[28] for the Landau-Lifschitz non-inertial electro-magnetic fields [17].
Let us look at solutions of Eqs.(6.2) in the following two ways.
1. Going back to an Inertial Frame
Let us look at solution by reverting to an inertial frame.
By introducing the 3-coordinates
Xa(τ) = Rar(τ) σ
r, (6.3)
at each value of τ by means of a τ -dependent rotation (it would become also point-dependent
if we go beyond rigid rotations) we can go from the rigidly rotating non-inertial frame with
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radar 4-coordinates (τ ; σu) to an instantaneously comoving inertial frame, centered on the
same inertial observer, with 4-coordinates (τ ;Xa).
Let us assume that the non-inertial transverse electromagnetic potential A⊥ r(τ, σu) can
be obtained from the instantaneously comoving inertial transverse potential A
(com)
⊥ a (τ,X
a(τ))
defined by
A⊥ r(τ, σu) = A
(com)
⊥ a
(
τ,Xa(τ) = Ras(τ) σ
s
)
Rar(τ), (6.4)
which by definition satisfies the inertial Maxwell equations in the radiation gauge (obtainable
by putting Eqs.(6.4) into Eqs.(6.2))
∂2A
(com)
⊥ a (τ,X
b)
∂τ 2
−∆X A(com)⊥ a (τ,Xb) = 0,
∑
a
∂
∂Xa
A
(com)
⊥ a (τ,X
b) = 0. (6.5)
This result is in accord with the general covariance of non-inertial Maxwell equations and
is also consistent with the locality hypothesis (see Subsection B of Section II) of the the 1+3
approach.
If we consider the following plane wave solution with constant Fa and Kˆa and
∑
a Kˆa Fa =
0 (transversality condition)
A
(com)
⊥ a (τ,X
b) =
1
ω
Fa e
i ω
c (τ−
P
a KˆaX
a), (6.6)
we get the following expression for the non-inertial solution
A⊥ r(τ, σu) = FaRar(τ) ei
ω
c
Φ(τ,σu),
Φ(τ, σu) = τ − KˆaRar(τ) σr ≈ |~Ω=const. τ
(
1 +
~Ω
c
· ~σ × Kˆ
)
− Kˆ · ~σ +O(Ω2/c2).(6.7)
2. Eikonal Approximation
Let us now look at solutions by making the following eikonal approximation (without any
commitment with the locality hypothesis)
A⊥ r(τ, σu) =
1
ω
ar(τ, σ
u) ei
ω
c
Φ(τ,σu) +O(1/ω2). (6.8)
and by putting this expression in Eqs.(6.2).
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Let us consider the case in which we have ω/c >> 1 e Ω/c << 1, so that Eqs.(6.2)
become a power series in ω/c. By neglecting terms in Ω2/c2 and terms in (c/ω)−k for k ≥ 0,
the dominant terms are:
a) at the order ω/c the equation for the phase Φ, named eikonal equation;
b) at the order (ω/c)o = 1 the equation for the amplitude ar, named first-order transport
equation.
These equations have the following form (~a = {ar})
[(∂Φ
∂τ
)2
− 2
~Ω
c
· ~σ × ~∂ Φ−
(
~∂ Φ
)2 ]
(τ, σu) +O(Ω2/c2) = 0
[∂Φ
∂τ
(
∂~a
∂τ
+
~Ω
c
× ~a−
~Ω
c
· ~σ × ~∂ ~a
)
− ∂~a
∂τ
~Ω
c
· ~σ × ~∂ Φ−
(
~∂ Φ · ~∂
)
~a
]
(τ, σu) =
= −1
2
(
∂2Φ
∂τ 2
− 2 (~Ω× ~σ · ~∂) ∂Φ
∂τ
−△Φ
)
(τ, σu) +O(Ω2/c2)
[
~a · ~∂ Φ
]
(τ, σu) = 0 (transversality condition). (6.9)
Let us look for solutions of the eikonal equation for Φ of the form
Φ(τ, σu) = τ + F (σu), (6.10)
where we have chosen the boundary condition
∂Φ
∂τ
= 1. (6.11)
This condition implies that the solution of Eq.(6.8) describes a ray emitted from a source
having a characteristic frequency ω when it is at rest in the non-inertial frame. Let us remark
that in more general cases this type of boundary conditions are possible only if the 3-metric
hrs and the lapse, n, and shift, n
r, functions are stationary in the non-inertial frame.
An expansion in powers of Ω/c of F (σu), namely F (σu) = Fo(σ
u) + Ω
c
F1(σ
u) + O
(
Ω2
c2
)
,
gives the following form of the eikonal equation
[
1−
(
~∂ Fo(σ
u)
)2]
− 2Ω
c
[
Ωˆ · ~σ × ~∂Fo(σu) + ~∂ Fo(σu) · ~∂ F1(σu)
]
+O
(Ω2
c2
)
= 0, (6.12)
implying:
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a) the equation 1 −
(
~∂ Fo(σ
u)
)2
= 0 at the order zero in Ω. If kˆ is an arbitrary unit
vector (the propagation direction of the plane wave in the inertial limit Ω 7→ 0), its solution
is
Fo(σ
u) = −kˆ · ~σ. (6.13)
b) the equation kˆ · ~∂ F1(σu) = −Ωˆ · ~σ × kˆ for F1(σu), after having used Eq.(6.13), at the
order one in Ω. Since we have (kˆ · ~∂) (Ωˆ · ~σ × kˆ) = 0 and (kˆ · ~∂) (kˆ · ~σ) = 1, the solution for
F1(σ
u) is
F1(σ
u) = −
(
Ωˆ · ~σ × kˆ
)
(kˆ · ~σ). (6.14)
Therefore the solution for Φ is
Φ(τ, σu) = τ − kˆ · ~σ
(
1 + ~Ω · ~σ × kˆ
)
. (6.15)
The phases in the solutions (6.7) and (6.15) of Eqs.(6.2) are different since the solutions
have different boundary conditions. The solution (6.7) satisfies also the eikonal equation
but not the boundary condition (6.11), since we have ∂ Φ
∂ τ
= 1− KˆaRar(τ) ǫruv Ω˜u σv 6= 1.
Let us remark that both the solutions (6.7) and (6.15) have the following structure
A˜r⊥(τ, σ
u) ∼ Ar(τ, σu) ei ϕ(τ,σu), (6.16)
where Ar(τ, σu) ∼ O(1/ω) is the amplitude and ϕ(τ, σu) ∼ O(ω) is the phase. The only
difference is that the solution (6.7) holds for every value of ω (also for the small values
corresponding to the radio waves of the GPS system), while the solution (6.15) for the
phase of the eikonal approximation (6.8) holds only for higher values of ω, corresponding to
visible light.
3. Light Rays
Given the phase of Eq.(6.16), the trajectories of the light rays are defined as the lines
orthogonal (with respect to the 4-metric gAB of the 3+1 splitting) to the hyper-surfaces
ϕ(τ, σu) = const.. Therefore the trajectories σA(s) (s is n affine parameter) satisfy the
equation
dσA(s)
ds
= gAB(σ(s))
∂ϕ
∂σB
(σ(s)). (6.17)
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For instance in the case of our rigidly rotating foliation, for which Eqs.(2.14)-(2.16) imply
gττ = 1, gτr = −(~Ω× ~σ)r, grs = −δrs +O(Ω2/c2), Eqs.(6.17) take the form
dτ(s)
ds
= ω + ~k ·
(
~Ω
c
× ~σ
)
+O(Ω2/c2),
dσr(s)
ds
= ω
(
~Ω
c
× ~σ
)r
+ kr
(
1 +
~Ω
c
× ~σ · kˆ
)
−
(
~Ω
c
× kˆ
)r
(~k · ~σ) +O(Ω2/c2),
(6.18)
whose solution has the form
~σ(τ)− ~σ(0) = kˆ τ +
(
~Ω
c
× kˆ
)
τ 2 +O(Ω2/c2). (6.19)
This equation shows that in the rotating frame the ray of light appears to deviate from the
inertial trajectory ~σ(τ) = kˆ τ due to the centrifugal correction ~c(τ) =
(
~Ω
c
× kˆ
)
τ 2+O(Ω2/c2)
implying kˆ · ~c(τ) = 0 +O(Ω2/c2).
B. Sources and Detectors
To connect the previous solutions to the interpretation of observed data we need a
schematic description of sources and detectors.
In many applications sources and detectors are described from point-like objects,
which follow a prescribed world-line ζA(τ) = (τ, ηu(τ)) with unit 4-velocity vA(τ) =
dζA(τ)
dτ
(
gCD(ζ(τ))
dζC(τ)
dτ
dζD(τ)
dτ
)−1/2
.
This description is enough for studying the influence of the relative motion between source
and detector on the frequency emitted from the source and that observed by the detector
(it works equally well for the Doppler effect and for the gravitational redshift in presence
of gravity). With solutions like Eq.(6.16) the frequency emitted by a source located in ζs
A
and moving with 4-velocity vs
A and that observed by a detector in ζr
A and moving with
4-velocity vr
A are ωs = vs
A ∂A ϕ(ζs) and ωr = vr
A ∂A ϕ(ζr), respectively.
This justifies the boundary condition (6.11), because sources at rest in the rotating frame
with coordinates (τ, σr) have 4-velocity vA = (1, 0).
However, to measure the electro-magnetic field in assigned (spatial) polarization direction
we must assume that the detector is endowed with a tetrad orthonormal with respect to
the 4-metric of the 3+1 splitting, such that the time-like 4-vector is the unit 4-velocity of
the detector: in 4-coordinates adapted to the 3+1 splitting they are EA(α)(τ) =
(
EA(o)(τ) =
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vA(τ); EA(i)(τ)
)
, gAB(ζr(τ)) EA(α)(τ) EB(β)(τ) = η(α)(β) (see Subsection B of Section II for the
1+3 point of view). A detector measures the following field strengths along the spatial
polarization directions EA(i)(τ): Eˇ(i) = FAB vA EB(i) and Bˇ(i) = (1/2) ǫ(i)(j)(k) FAB EA(j) EB(k).
Let us consider the following two cases.
1. Detectors at Rest in an Inertial Frame
A detector at rest in the instantaneous inertial frame with coordinates (τ ;Xa(τ)) follows
the straight world-line ζµr,in(τ) = τ ǫ
µ
τ + ǫ
µ
a η
a
in with η
a
in = const. and has the 4-velocity
uµ = ǫµτ . If the reference asymptotic tetrad ǫ
µ
A of the foliation is related by ǫ
µ
A = Λ
µ
(o)ν e
ν
(A)
to a tetrad eµ(A) = δ
µ
A aligned to the axes of the inertial frame in Cartesian coordinates,
then a generic time-independent non-rotating tetrad associated with the detector will be
Gµ(A) = Λ(A)(B) eµ(B) = Λ(A)(µ) if Gµ(τ) = uµ. Here the Λ’s denote Lorentz transformations.
The detector will measure the standard electric and magnetic fields Eˇ(i) = Fµν u
µ Gν(i) and
Bˇ(i) = (1/2) ǫ(i)(j)(k) Fµν Gµ(j) Gν(k).
2. Sources and Detectors at Rest in Inertial and Rotating Frames
Lt us now consider sources and detectors at rest in the nearly rigid rotating frame de-
scribed by the embedding zµ(τ, σu) = ǫµτ τ + ǫ
µ
r R
r
s(τ) σ
s + O(Ω2/c2), so that zµτ (τ, σ
u) =
ǫµτ + ǫ
µ
r R˙
r
s(τ) σ
s +O(Ω2/c2) and zµr (τ, σ
u) = ǫµs R
s
r(τ) +O(Ω
2/c2).
The world-line of these objects will have the form ζµ(τ) = τ ǫµτ+ǫ
µ
r R
r
s(τ) η
s
o+O(Ω
2/c2) =
ǫµA ζ
A(τ) with ηro = const.. We have ζ
τ(τ) = τ and ζr(τ) = Rrs(τ) η
s
o +O(Ω
2/c2). Therefore
these objects coincide with some of the observers belonging at the non-surface forming
congruence generated by the evolution vector field as said in Subsection B of Section II.
Since the world-lines of the Eulerian observers of the other congruence are not explicitly
known, it is not possible to study the behavior of objects coinciding with some of these
observers.
Therefore the unit 4-velocity uµ(τ) = ǫµA v
A(τ) will have the components vA(τ) propor-
tional to ζ˙A(τ) =
(
1; R˙rs(τ) η
s
o + O(Ω
2/c2)
)
≈ |~Ω=const.
(
1;Rrs(τ) (~ηo × ~Ωc )s + O(Ω2/c2)
)
,
where the definitions after Eq.(2.14) have been used.
We can also write uµ(τ) = u˜A(τ) zµA(τ, η
u
o ) by using the non-orthonormal tetrads z
µ
A(τ, σ
u).
Then we get vτ (τ) = u˜τ (τ)+O(Ω2/c2) and vr(τ) = u˜τ (τ) R˙rs(τ) η
s
o+R
r
s(τ) u˜
s(τ)+O(Ω2/c2).
While the quantities vA(τ) give the description of the 4-velocity with respect to the asymp-
totic non-rotating inertial observers, the quantities u˜A(τ) explicitly show the effect of the ro-
tation at the position ηro of the object. Therefore it should be u˜
A(τ) = (1; 0) at the lowest or-
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der: indeed we get u˜τ (τ) = 1+O(Ω2/c2) and u˜r(τ) = vs(τ)Rs
r(τ)−u˜τ
(
R−1(τ) R˙(τ)
)r
s η
s
o =
0 +O(Ω2/c2).
For the constant unit normal to the instantaneous 3-spaces we get
lµ = ǫµτ = l˜
A(τ, ηro) z
µ(τ, ηro) with l˜
τ (τ, ηro) = 1 + O(Ω
2/c2) and l˜r(τ, ηuo ) =
−l˜τ (τ, ηuo )
(
R−1(τ) R˙(τ)
)r
s η
s
o = −(~ηo × ~Ωc )r +O(Ω2/c2).
Let us introduce an orthonormal tetrad Wµ(α), ηµνWµ(α)Wν(β) = η(α)(β), whose time-like 4-
vector is lµ, i.e. We haveWµ(o) = lµ = ǫµτ =WA(o) ǫµA = W˜A(o)(τ, ηuo ) zµA(τ, ηuo ) with .WA(o) = (1; 0)
and W˜A(o)(τ, ηuo ) = l˜A(τ, ηuo ) =
(
1;−(~ηo× ~Ωc )r
)
+O(Ω2/c2). The spatial axesWµ(i) =WA(i) ǫµA =
W˜A(i)(τ, ηuo ) zµA(τ, ηuo ) with lµWµ(i) = [l˜A gAB W˜B](τ, ηuo ) = 0 must be non-rotating with respect
to the observer with 4-velocity proportional to zµτ (τ, η
u
o ). Therefore we must have W˜A(i) =(
0; W˜r(i)
)
with W˜r(i) = const.. As a consequence we have WA(i)(τ) =
(
0;Rrs(τ) W˜s(i)
)
+
O(Ω2/c2).
The polarization axes of sources and detectors will be defined by a tetrad Eµ(α)(τ, ηro) =
EA(α)(τ, ηro) ǫµA = E˜A(α)(τ, ηro) zµA(τ, ηro), ηµν Eµ(α) Eν(β) = η(α)(β) with the following properties:
a) the time-like 4-vector Eµ(o)(τ, ηro) is such that its components E˜A(o)(τ, ηro) coincide with
the components u˜A(τ) = (1; 0) + O(Ω2/c2) of the 4-velocity uµ(τ) of the object located at
ζµ(τ) = zµ(τ, ηro): as a consequence we have Eµ(o)(τ, ηro) = zµτ (τ, ηro) +O(Ω2/c2) = uµ(τ);
b) the spatial axes Eµ(i)(τ, ηro), orthogonal to the 4-velocity uµ(τ), must be at rest in the
rotating frame: we have to identify their components E˜A(i)(τ, ηro).
If at the observer position we consider the Lorentz transformation sending lµ to uµ(τ), i.e.
Lµν(l 7→ u(τ)), its projection LAB(~β) def= ǫAµ Lµν(l 7→ u(τ)) ǫνB is a Wigner boost, see Eq.(2.8),
with parameter ~β = {βr = Rrs(τ)
(
~ηo × ~Ωc
)s
(so that γ =
√
1− ~β2 = 1 + O(Ω2/c2)).
Therefore the transformation sending the components l˜A(τ, ηuo ) of the unit normal into the
components u˜A(τ) of the 4-velocity modulo terms of order O(Ω2/c2) is
E˜A(o)(τ, ηuo ) = u˜A(τ) = (1; 0) +O(Ω2/c2) =
=
(
zAµ ǫ
µ
C L
C
D(~β) ǫ
D
ν z
ν
B l˜
B
(o)
)
(τ, ηuo ) +O(Ω
2/c2) =
=
(
zAµ ǫ
µ
C L
C
D(~β) ǫ
D
ν z
ν
B W˜B(o)
)
(τ, ηuo ) +O(Ω
2/c2),
E˜A(i)(τ, ηuo ) =
(
zAµ ǫ
µ
C L
C
D(~β) ǫ
D
ν z
ν
B
)
(τ, ηuo ) W˜B(i). (6.20)
This complete the construction of the non-rotating tetrads Eµ(α)(τ, ηuo ) for the objects at
rest at ηro.
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A detector endowed of such a non-rotating tetrad will measure the following projections
of the electro-magnetic field strength on its polarization directions
Eˆ(i) = FAB u˜
A E˜B(i), Bˆ(i) =
1
2
ǫ(i)(j)(k) FAB E˜A(j) E˜B(k). (6.21)
These quantities have to be confronted with the non-inertial electric and magnetic fields
Er and Br, whose projections on the non-rotating spatial axes W˜A(i) = (0; W˜r(i)) inside the
instantaneous 3-space are
E(i) = Er W˜r(i), B(i) = Br W˜r(i). (6.22)
Eqs.(6.20) imply the following connection among these quantities
Eˆ(i) = E(i) +O(Ω2/c2),
Bˆ(i) = B(i) − ǫijk W˜r(j) δrs
(
~ηo ×
~Ω
c
)s
E(k) +O(Ω2/c2). (6.23)
For radio wave (like in the case of GPS) the directions Ga(i) or E˜r(i) are realized by means
of antennas attached to both emitters and receivers. In the optical range the antennas are
replaced by components of the macroscopic devices used for the emission and the detection.
C. The Phase Wrap Up Effect
The phase wrap up is a modification of the phase when a receiver in rotational motion
analyzes the circularly polarized radiation emitted by a source at rest in an inertial frame.
Till now the effect has been explained by using the 1+3 point of view and the locality
hypothesis in Refs.[31], where it shown that it is a particular case of helicity-rotation coupling
(the spin-rotation coupling for photons). It has been verified experimentally, in particular
in GPS [36], where the receiving antenna on the Earth surface is rotating with Earth.
We will explain the effect by using the non-inertial solution (6.7) and an observer at rest
in an inertial frame endowed of the tetrad Gµ(A) defined in Subsubsection 1 of Subsection
B. We rewrite the spatial axes in the form Ga(i) =
(
Ia(1), I
a
(2), Kˆ
a
)
with the vectors satisfying
~I(1) · ~I(2) = 0, ~I(λ) ·Kˆ = 0 (λ = 1, 2), ~I 2(λ) = 1. Then we pass to a circular basis by introducing
the vectors ~I(±) =
~I(1)+i ~I2√
2
, which satisfy Kˆ · ~I(±) = 0, ~I 2(±) = 0 and ~I(+) · ~I(−) = 1.
In the rotating non-inertial frame a right-circularly polarized wave, emitted in the inertial
frame, will have the form (6.7) (Kˆ · ~I(+) = 0 is the transversality condition)
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A⊥r(τ, ~σ) =
F
ω
I(+)aR
a
r(τ) e
i ω
c
Φ(τ,~σ). (6.24)
Let us remark that in the circular basis we have ~A⊥ = An nˆ + A+ ~I(+) + A− ~I(−), but
the components An, A±, coincide with either linearly or circularly polarized states of the
electro-magnetic field only for nˆ = kˆ, since Kˆ = ω
c
kˆ (Kˆ2 = ω
2
c2
) is the wave vector.
From Eqs(6.24) we obtain the following non-inertial magnetic and electric fields (2.19)
Br = − F
c
I(+)aR
a
r(τ) e
i ω
c
Φ(τ,~σ) def= Bo I(+)a(K)R
a
r(τ) e
i ω
c
Φ(τ,~σ),
Er = −i F
c
I(+)aR
a
r(τ) e
i ω
c
Φ(τ,~σ) +
1
c
(~Ω× ~σ)× ~B =
def
= Eo I(+)aR
a
r(τ) e
i ω
c
Φ(τ,~σ) + Eℓ KˆaR
a
r(τ) e
i ω
c
Φ(τ,~σ),
Bo = −F
c
, Eo = −i F
c
+
1
c
(~Ω× ~σ)× ~B · ~I(−), Eℓ = 1
c
(~Ω× ~σ)× ~B · Kˆ. (6.25)
Let us now consider a receiver at rest in the rotating frame. Since its 4-velocity is
u˜A = (1; 0), it can be endowed with the non-rotating tetrad W˜A(α) of Subsubsection 2 of
Subsection B. If nˆ is the unit vector in the direction of the rotation axis (), i.e. if ~Ω = Ω nˆ,
we can choose the spatial axes W˜r(i) = (ǫr(1), ǫr(2), nˆr) with ~ǫ(1) · ~ǫ(2) = 0, ~ǫ(λ) · Kˆ = 0, ~ǫ 2(λ) = 1.
If we introduce the circular basis ~ǫ(±) =
~ǫ(1)+i~ǫ2√
2
, we have nˆ ·~ǫ(±) = 0, ~ǫ 2(±) = 0, ~ǫ(+) ·~ǫ(−) = 1
and Rar(τ) ǫ(±)r = ǫa(±) e
[± i Ωc τ].
The receiver will measure the following magnetic and electric fields
Bn = Br nˆr = Bo
(
~I(+)anˆ
a
)
exp
[
i
ω
c
Φ
]
,
B(±) = Br ǫ
r
(∓) = Bo
(
~I(+)aǫ
a
(∓)
)
exp
[
i
c
(∓Ω τ + ωΦ(τ, ~σ))
]
,
En = Er nˆr =
[
Eo
(
~I(+)anˆ
a
)
+ Eℓ Kˆanˆ
a
]
exp
[
i
ω
c
Φ
]
,
E(±) = Er ǫ
r
(∓) =
[
Eo
(
~I(+)aǫ
a
(∓)
)
+ Eℓ Kˆa ǫ
a
(±)
]
exp
[
i
c
(∓Ω τ + ωΦ(τ, ~σ))
]
. (6.26)
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In the case nˆa = Kˆa we find
Bn = B(−) = 0
B(+) = Bo e
[ ic ((ω−Ω)τ+ ~K·~σ)],
En = Eℓ e
[iωc (ωτ+ ~K·~σ)], E(+) = 0
E(+) = Eo e
[ ic ((ω−Ω)τ+ ~K·~σ)]. (6.27)
Therefore the components B(+), E(+) have the frequency modified to ω 7→ ω − Ω: this is
the phase wrap up effect. These are same results as in Ref.[31] at the lowest order in Ω/c.
The only new fact is the presence of the component En 6= 0.
It would be interesting to make the calculation of the deviations of order O(Ω2/c2) from
rigid rotation, to see whether the result ω 7→ γ (ω ± Ω) (γ is a Lorentz factor), found in
Ref.[31] by using the locality hypothesis and supporting the interpretation with the helicity-
rotation coupling, is confirmed.
D. The Sagnac Effect
Following a suggestion of Ref.[37] let us consider the solution (6.8) in the eikonal ap-
proximation, which describes the propagation of the radiation along a ray of light whose
trajectory is given in Eq.(6.19). This solution allows to get a derivation of the Sagnac effect
(described in Appendix A) along the lines of Ref.[38].
Let us consider two receivers A and B at rest in the rotating frame and characterized by
the 3-coordinates ηrA and η
r
B respectively. Let us assume that A and B lie in the same 2-plane
containing the origin σr = 0 and orthogonal to ~Ω. Therefore we have ~Ω · ~ηA = ~Ω · ~ηB = 0.
Let us assume that A and B are both on the trajectory of a ray of light, so that Eq.(6.19)
implies the existence of a time τAB such that we have
~ηB − ~ηA = kˆ τAB +
(
~Ω
c
× kˆ
)
τ 2AB +O(Ω2/c2). (6.28)
The phase difference between A and B at the same instant τ is
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∆ϕAB =
ω
c
[Φ(τ, ~ηB)− Φ(τ, ~ηA)] =
= −ω
c
[
kˆ · (~ηB − ~ηA) + (kˆ · ~ηB)
(
~Ω
c
· ~ηB × kˆ
)
− (kˆ · ~ηA)
(
~Ω
c
· ~ηA × kˆ
)]
+
+ O(Ω2/c2). (6.29)
Eq.(6.28) implies
~ηB = ~ηA + kˆ τAB +O(Ω/c) ⇒
~Ω
c
· ~ηB × kˆ =
~Ω
c
· ~ηA × kˆ +O(Ω2/c2), (6.30)
so that we get
∆ϕAB = −ω
c
[
kˆ · (~ηB − ~ηA) + kˆ · (~ηB − ~ηA)
(
~Ω
c
· ~ηA × kˆ
)
+O(Ω2/c2)
]
. (6.31)
Since Eq.(6.28) also implies ~ηB − ~ηA =| ~ηB − ~ηA | kˆ +O(Ω2/c2), we arrive at the result
∆ϕAB = −ω
c
[
| ~ηB − ~ηA | +
~Ω
c
· ~ηA × (~ηB − ~ηA)
]
+O(Ω2/c2). (6.32)
If ABAO is the area of the triangle BAO in the 2-plane orthogonal to ~Ω, we have
~Ω
c
· ~ηA×
(~ηB − ~ηA) = ±2 Ωc ABAO (the choice of ± depends on the direction of motion of the ray). As
a consequence, the phase difference is the sum of the following two terms
∆ϕAB = −ω
c
| ~ηB − ~ηA | +δϕAB +O(Ω2/c2). (6.33)
While the first term, −ω
c
| ~ηB − ~ηA |, is present also in the inertial frames, the second
term
δϕAB = ∓2ωΩ
c2
ABAO, (6.34)
is the extra phase variation due to the rotation of the frame. This is the Sagnac effect.
E. The Inertial Faraday Rotation
Let us give the derivation of the rotation of the polarization of an electro-magnetic wave
in a rotating frame, named inertial Faraday rotation, which is important in astrophysics
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[39], were it is induced by the gravitational field (due to the equivalence principle only non-
inertial frames are allowed in general relativity). Our approach is analogous to the one of
Ref.[29] in the case of Post-Newtonian gravity.
Let us consider the amplitude ~a of the solution (6.8) in the eikonal approximation: it
carries the information about the polarization of a ray of light. To study the first-order
transport equation for it, the second of Eqs.(6.9), let us make the series expansion
~a(τ, ~σ) = ~ao(τ, ~σ) +
Ω
c
~a1(τ, ~σ) +O
(Ω2
c2
)
, (6.35)
and let us make the ansatz (in an inertial frame it corresponds to a plane wave)
~ao(τ, ~σ) = ~ao = const., ⇒ ∂ ~ao
∂τ
= 0, ∂r ~ao = 0. (6.36)
This ansatz implies the following form of the second and third equation in Eqs.(6.9)
Ω
c
[(
∂~a1
∂τ
+ Ωˆ× ~ao
)
− (kˆ · ~∂)~a1
]
+O
(Ω2
c2
)
= 0,
~ao · kˆ + Ω
c
[
~ao ·
(
kˆ (Ωˆ · ~σ × kˆ)− (kˆ · ~σ) (Ωˆ× kˆ)
)
+ ~a1 · kˆ
]
+O
(Ω2
c2
)
= 0. (6.37)
To study these equations, let us assume that each rotating receiver is endowed with
a tetrad of the type given in Eq.(6.20): the spatial axes W˜r(i) = (Rr1(k), Rr2(k), kˆr) with
~Rλ(k) · ~Rλ′(k) = δλλ′ , ~Rλ(k) · kˆ = 0.
The second of Eqs.(6.37) for the unknown ~ao, ~a1 is the transversality condition and it
implies
order 0 inΩ → ~ao · kˆ = 0 ⇒ ~ao = aλo ~Rλ(k),
order 1 inΩ
~a1 · kˆ = −~ao ·
(
kˆ (Ωˆ · ~σ × kˆ) + (kˆ · ~σ) (Ωˆ× kˆ)
)
=
= −aλo ~Rλ(k) · (Ωˆ× kˆ) (kˆ · ~σ). (6.38)
Due to the ansatz (6.36) the first of Eqs.(6.37) is of order 1 in Ω and gives the following
condition on ~a1
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∂~a1
∂τ
− Ωˆ× ~ao + (kˆ · ~∂)~a1 = 0. (6.39)
If we project this equation on the directions kˆ, ~Rλ(k), we get
∂
∂τ
(~a1 · kˆ)− Ωˆ× ~ao · kˆ + (kˆ · ~∂) (~a1 · kˆ) = 0,
∂aλ1
∂τ
− Ωˆ× ~Rλ′(k) · ~Rλ(k) aλ′o + (kˆ · ~∂) aλ1 = 0. (6.40)
While the first of Eqs.(6.40) is automatically satisfied, the second one is an equation for
the components aλ1 . The simplest solutions are obtained with the following ansatz
∂aλ1
∂τ
= 0, ⇒ aλ1(τ) =
[
Ωˆ× ~Rλ′(k) · ~Rλ(k)
]
kˆ · ~σ aλ′o . (6.41)
The final solution for the transverse electro-magnetic potential is
~A⊥ =
ao
1
ω
[
~R1 + θ(~σ) ~R2(k)− kˆ · ~σ
c
(~Ω · ~R2(k)) kˆ
]
e ( i
ω
c
Φ) +
+
ao
2
ω
[
~R2(k)− θ(~σ) ~R1(k) + kˆ · ~σ
c
(~Ω · ~R1(k)) kˆ
]
e ( i
ω
c
Φ) +O(1/ω2),
with
θ(~σ) =
1
c
(kˆ · ~σ) (~Ω · kˆ). (6.42)
The resulting non-inertial magnetic and electric fields are ( ~B = {Br}, ~E = {Er})
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~B = −i ao
1
c
[
~R2(k)− θ(~σ) ~R1(k)
]
e ( i
ω
c
Φ) −
− i ao
1
c
[(
~Ω
c
× ~σ · kˆ
)
~R2(k)− kˆ · ~σ
c
(~Ω · ~R1(k)) kˆ
]
e ( i
ω
c
Φ) +
+
i ao
2
c
[
~R1(k) + θ(~σ) ~R2(k)
]
e ( i
ω
c
Φ) +
+
i ao
2
c
[(
~Ω
c
× ~σ · kˆ
)
~R1(k) +
kˆ · ~σ
c
(~Ω · ~R2(k)) kˆ
]
e ( i
ω
c
Φ) +
+ O(1/ω) +O(Ω2/c2) =
def
= b(~σ) e ( i
ω
c
Φ) +O(1/ω) +O(Ω2/c2),
~E = −i ao
1
c
[
~R1(k) + θ(~σ) ~R2(k)− kˆ · ~σ
c
(~Ω · ~R2(k)) kˆ
]
e ( i
ω
c
Φ) −
− i ao
2
c
[
~R2(k)− θ(~σ) ~R1(k) + kˆ · ~σ
c
(~Ω · ~R1(k)) kˆ
]
e ( i
ω
c
Φ) +
+ O(1/ω) +O(Ω2/c2) =
def
= f(~σ) e ( i
ω
c
Φ) +O(1/ω) + O(Ω2/c2). (6.43)
As in the case of the Sagnac effect let us consider two receivers A and B at the endpoints
of the same light ray described by Eqs, (6.19) and (6.28). The magnetic field observed by A,
~B(τ, ~ηA), differs from the one observed by B, ~B(τ, ~ηB). Since the phase changes have been
already analyzed for the Sagnac effect, let us concetrate on the amplitudes ~b(~ηA) and ~b(~ηB).
Since Eq.(6.28) gives ~ηB − ~ηA = kˆ τAB +O(Ω/c), we find
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~b(~ηB)−~b(~ηA) = i ao
1
c
δθBA ~R1(k) +
i ao
2
c
δθBA ~R2(k) +
+
i ao
1
c
[ | ~ηB − ~ηA |
c
(~Ω · ~R1(k)) kˆ
]
+
+
i ao
2
c
[ | ~ηB − ~ηA |
c
(~Ω · ~R2(k)) kˆ
]
+O(Ω2/c2),
with
δθBA = θ(~ηB)− θ(~ηA) = 1
c
| ~ηB − ~ηA | (~Ω · kˆ) +O(Ω2/c2). (6.44)
δθBA is the angle of the inertial Faraday rotation (in this case it is small, δθAB ∼ Ω/c). It
agrees with Eq.(4) of Ref.[39], where it has the form δθAB = −12
∫ B
A
√
gττ (∇ × ~n) · d~σ as
a line integral along the spatial trajectory of the light ray. This formula agrees with our
result, because, due to the approximations we have done, we have gττ = 1, (∇× ~n) = −2 ~Ωc
and our ray trajectory is ~σ(τ) = kˆ τ + ~σo +O(Ω
2/c2).
To make the rotation explicit, let us write the components along the two polarization
directions: b(λ)(~ηA) = ~b(~ηA) · ~Rλ(k) and b(λ)(~ηB) = ~b(~ηB) · ~Rλ(k). In this way we get
b(1)(~ηB) = b(1)(~ηA) + δθAB
i ao
1
c
+O(Ω2/c2) = b(1)(~ηA)− δθAB b(2)(~ηA) +O(Ω2/c2),
b(2)(~ηB) = b(2)(~ηA) + δθAB
i ao
2
c
+O(Ω2/c2) = b(2)(~ηA) + δθAB b(1)(~ηA) +O(Ω
2/c2).(6.45)
This is just a small angle rotation with b(λ)(~ηB) = Rλ
λ′(k) (δθAB) b(λ′)(~ηA).
The electric field may be treated in the same way.
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VII. CONCLUSIONS
In this paper we have defined the general theory of non-inertial frames in Minkowski
space-time. It is based on Møller-admissible 3+1 splittings of Minkowski space-time (they
give conventions for clock synchronization, i.e. for the identification of instantaneous 3-
spaces) and on parametrized Minkowski theories for isolated systems admitting a Lagrangian
description. The transition from a non-inertial frame to every other one is formalized as a
gauge transformation, so that physical results do not depend on how the clock are synchro-
nized.
The Møller conditions, implying the absence of rotational velocities higher than the ve-
locity of light c and requiring that the three eigenvalues of the non-inertial 3-metric inside
the instantaneous Riemannian 3-spaces has three non-null positive eigenvalues, have to be
implemented with the following two extra conditions:
a) the lapse function must be positive definite in each point of the instantaneous 3-space,
so to avoid the intersection of 3-spaces at different times;
b) the space-like hyper-surfaces corresponding to the Riemannian 3-spaces must become
space-like hyper-planes (Euclidean 3-spaces) at spatial infinity with a direction-independent
unit normal lµ(∞) (asymptotic inertial observers to be identified with the fixed stars).
Among the admissible non-inertial frames we identified the non-inertial rest frames, gen-
eralizing the inertial rest frames and relevant for canonical gravity [5, 11, 12].
All the properties of the inertial rest-frame instant form of dynamics, studied in details
in Refs.[8], have been extended to non-inertial frames. Again every isolated system may
be described as a decoupled non-covariant external center of mass carrying a pole-dipole
structure: the internal mass of the system and an effective spin (becoming the rest spin in
the inertial rest frame). In particular we have found the non-inertial generalization of the
second class constraints eliminating the internal 3-center of mass inside the instantaneous
3-spaces.
This theory of non-inertial frames is free by construction from the coordinate singular-
ities of all the approaches to accelerated frames based on the 1+3 point of view, in which
the instantaneous 3-spaces are identified with the local rest frames of the observer. The
pathologies of this approach are either the horizon problem of the rotating disk (rotational
velocities higher than c), which is still present in all the calculations of pulsar magnetosphere
in the form of the light cylinder, or the intersection of the local rest 3-spaces. The main
difference between the 3+1 and 1+3 points of view is that the Møller conditions forbid rigid
rotations in relativistic theories. The simplest example of 3+1 splitting with differential
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rotations is given and the 3+1 point of view for the rotating disk and the Sagnac effect is
evaluated. This splitting is also used to give a special relativistic generalization of the non-
relativistic non-inertial International Terrestrial Reference System (ITRS) used to describe
fixed coordinates on the surface of the rotating Earth in the conventions IERS2003 [40].
We have done a detailed study of the isolated system of positive-energy scalar particles
with Grassmann-valued electric charges plus the electro-magnetic field extending to non-
inertial frames its Hamiltonian description given in the inertial rest frame in Ref.[8].
By using a non-covariant (i.e. coordinate-dependent) decomposition of the electro-
magnetic potential we obtained the non-inertial radiation gauge, in which the electro-
magnetic field is described by means of transverse quantities (the Dirac observables). This
allowed us to find the non-inertial expression of the Coulomb potential, which is now de-
pendent also on the field strengths and the inertial potentials. The non-covariance of the
description is natural due to the presence in the Hamiltonian of the relativistic inertial poten-
tials, namely the components gAB(τ, σ
r) of the 4-metric induced by the 3+1 splitting, which
are intrinsically coordinate dependent. The non-relativistic limit of the inertial potentials
reproduces the standard (again coordinate-dependent) Newtonian ones. The Hamiltonian in
non-inertial frames turns out to be the sum of the invariant mass (now coordinate-dependent
due to its dependence on the 4-metric) of the system plus terms in the inertial potentials
disappearing in the inertial rest frame.
Then we re-examined some properties of the electro-magnetic wave solutions of non-
inertial Maxwell equations, which till now were described only by means of the 1+3 point
of view, in the 3+1 framework, where there is a well-posed Cauchy problem due to the
absence of coordinate singularities. By considering admissible nearly rigid rotating frames
we recover the results of the 1+3 approach and open the possibility to make these calculations
in presence of deviations from rigid rotations.
A still open problem are the constitutive equations for electrodynamics in material media
in non-inertial systems. For linear isotropic media see the Wilson-Wilson experiment in
Refs.[41] and Refs.[37, 42], while for an attempt towards a general theory in arbitrary media
(including the premetric extension of electro-magnetism) see Refs.[43]
In conclusion we have now a good understanding of particles and electro-magnetism in
non-inertial frames in Minkowski space-time, where the 4-metric induced by the admissi-
ble 3+1 splitting describes all the inertial effects. Going to canonical gravity in the York
canonical basis of Ref.[12] is possible to see which components remain inertial effects and
which become dynamical tidal effects (the physical degrees of freedom of the gravitational
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field); moreover the inertial 3-volume element and some inertial components of the extrin-
sic curvature of the instantaneous 3-spaces become complicated functions of both general
relativistic inertial and tidal effects, because they are determined by the solution of the
super-Hamiltonian constraint (the Lichnerowicz equation) and of the super-momentum con-
straints.
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APPENDIX A: THE ROTATING DISK AND THE SAGNAC EFFECT
In this Appendix we give the description of a rotating disk and of the Sagnac effect
starting from an admissible 3+1 splitting of Minkowski space-time of the type of Eqs.(2.14).
An enlarged exposition with a rich bibliography is given in Section I Subsection D and E
and in Section VI Subsections B and C of the first paper in Ref.[3].
While at the non-relativistic level one can speak of a rigid (either geometrical or material)
disk put in global rigid rotatory motion, the problem of the relativistic rotating disk is still
under debate (see Refs.[16, 44]) after one century from the enunciation of the Ehrenfest
paradox about the 3-geometry of the rotating disk. The problems arise when one tries to
define measurements of length, in particular that of the circumference of the disk. Einstein
[45] claims that while the rods along the radius Ro are unchanged those along the rim of
the disk are Lorentz contracted: as a consequence more of them are needed to measure the
circumference, which turns out to be greater than 2π Ro (non-Euclidean 3-geometry even if
Minkowski space-time is 4-flat) and not smaller. This was his reply to Ehrenfest [46], who
had pointed an inconsistency in the accepted special relativistic description of the disk 16
in which it is the circumference to be Lorentz contracted: as a consequence this fact was
named the Eherenfest paradox (see the historical paper of Grøn in Ref.[47]).
Since relativistic rigid bodies do not exist, at best we can speak of Born rigid motions [48]
and Born reference frames 17. However Grøn [47] has shown that the acceleration phase of
a material disk is not compatible with Born rigid motions and, moreover, we do not have a
well formulated and accepted relativistic framework to discuss a relativistic elastic material
disk.
As a consequence most of the authors treating the rotating disk (either explicitly or
implicitly) consider it as a geometrical entity described by a congruence of time-like world-
lines (helices in Ref.[50]) with non-zero vorticity, i.e. non-surface forming and therefore
non-synchronizable (see for instance Ref.[51]). This means that there is no notion of in-
stantaneous 3-space where to visualize the disk (see Ref.[44] for the attempts to define rods
and clocks associated to this type of congruences): every observer on one of these time-like
world-lines can only define the local rest frame and try to define a local accelerated reference
16 If R and Ro denote the radius of the disk in the rotating and inertial frame respectively, then we have
R = Ro because the velocity is orthogonal to the radius. But the circumference of the rim of the disk is
Lorentz contracted so that 2πR < 2πRo inconsistently with Euclidean geometry.
17 A reference frame or platform is Born-rigid [49] if the expansion Θ and the shear σµν of the associated
congruence of time-like observers vanish, i.e. if the spatial distance between neighboring world-lines
remains constant.
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frame as said in Section IIB.
In the 3+1 point of view the disk is considered to be a relativistic isolated system (either
a relativistic material body or a relativistic fluid or a relativistic dust as a limit case 18) with
compact support always contained in a finite time-like world-tubeW , which in the Cartesian
4-coordinates of an inertial system is a time-like cylinder of radius R. Each admissible
3+1 splitting of Minkowski space-time, centered on an arbitrary time-like observer, gives a
visualization of the disk in its instantaneous 3-spaces Στ : at each instant τ the points of the
disk in W ∩ Στ are synchronized and through each one of them pass an Eulerian observer.
Instead the irrotational congruence of the disk is described by the second congruence (whose
unit 4-velocity is zµτ (τ, σ
u)/
√
ǫ gττ (τ, σu) and whose observers follow generalized helices σ
u =
σuo ) associated to the admissible 3+1 splitting: each of the observers of this congruence,
whose world-lines are inside W , has no intrinsic notion of synchronization.
As a consequence, each instantaneous 3-space Στ of an admissible 3+1 splitting has a
well defined (in general Riemannian) notion of 3-geometry and of spatial length: the radius
and the circumference of the disk are defined in W ∩Στ , so that the disk 3-geometry is 3+1
splitting dependent. When the material disk can be described by means of a parametrized
Minkowski theory, all these 3-geometry are gauge equivalent like the notions of clock syn-
chronization.
The other important phenomenon connected with the rotating disk is the Sagnac effect
(see the recent review in Ref.[53] for how many interpretations of it exist), namely the
phase difference generated by the difference in the time needed for a round-trip by two light
rays, emitted in the same point, one co-rotating and the other counter-rotating with the
disk 19. This effect, which has been tested (see the bibliography of Refs.[53, 55]) for light,
X rays and matter waves (Cooper pairs, neutrons, electrons and atoms), has important
18 As an example of a congruence simulating a geometrical rotating disk we can consider the relativistic dust
described by generalized Eulerian coordinates of Ref.[52] after the gauge fixing to a family of differentially
rotating parallel hyper-planes.
19 For monochromatic light in vacuum with wavelength λ the fringe shift is δz = 4 ~Ω · ~A/λ c, where ~Ω is the
Galilean velocity of the rotating disk supporting the interferometer and ~A is the vector associated to the
area | ~A| enclosed by the light path. The time difference is δt = λ δz/c = 4 ~Ω · ~A/c2, which agrees, at the
lowest order, with the proper time difference δτ = (4AΩ/c2) (1 − Ω2R2/c2)−1/2, A = π R2, evaluated
in an inertial system with the standard rotating disk coordinates. This proper time difference is twice
the time lag due to the synchronization gap predicted for a clock on the rim of the rotating disk with a
non-time orthogonal metric. See Refs.[37, 53, 54] for more details. See also Ref.[36] for the corrections
included in the GPS protocol to allow the possibility of making the synchronization of the entire system
of ground-based and orbiting atomic clocks in a reference local inertial system. Since usually, also in GPS,
the rotating coordinate system has t
′
= t (t is the time of an inertial observer on the axis of the disk) the
gap is a consequence of the impossibility to extend Einstein’s convention of the inertial system also to the
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technological applications and must be taken into account for the relativistic corrections
to space navigation, has again an enormous number of theoretical interpretations (both in
special and general relativity) like for the solutions of the Ehrenfest paradox. Here the lack of
a good notion of simultaneity leads to problems of time discontinuities or desynchronization
effects when comparing clocks on the rim of the rotating disk.
Another area which is in a not well established form is electrodynamics in non-inertial
systems either in vacuum or in material media (problem of the non-inertial constitutive
equations). Its clarification is needed both to derive the Sagnac effect fromMaxwell equations
without gauge ambiguities [37] and to determine which types of experiments can be explained
by using the locality principle to evaluate the electro-magnetic fields in the comoving system
(see the Wilson experiment and the associated controversy [41] on the validity of the locality
principle) without the need of a more elaborate treatment like for the radiation of accelerated
charges. It would also help in the tests of the validity of special relativity (for instance on
the possible existence of a preferred frame) based on Michelson-Morley - type experiments
[34, 56].
Instead (see also Ref.[37]) we remark that the Sagnac effect and the Foucault pendulum
are experiments which signal the rotational non-inertiality of the frame. The same is true for
neutron interferometry [57], where different settings of the apparatus are used to detect either
rotational or translational non-inertiality of the laboratory. As a consequence a null result
of these experiments can be used to give a definition of relativistic quasi-inertial system.
Let us remark that the disturbing aspects of rotations are rooted in the fact that there
is a deep difference between translations and rotations at every level both in Newtonian
mechanics and special relativity: the generators of translations satisfy an Abelian algebra,
while the rotational ones a non-Abelian algebra. As shown in Refs.[58], at the Hamiltonian
level we have that the translation generators are the three components of the momentum,
while the generators of rotations are a pair of canonical variables (L3 and arctg L
2
L1
) and
an unpaired variable (|~L|). As a consequence we can separate globally the motion of the
3-center of mass of an isolated system from the relative variables, but we cannot separate
in a global and unique way three Euler angles describing an overall rotation, because the
residual vibrational degrees of freedom are not uniquely defined.
We will now give the 3+1 point of view on these topics (Subsection 1), followed by a
discussion on the rotating 3-coordinates fixed to the Earth surface (Subsection 2).
non-inertial one rotating with the disk: after one period two nearby synchronized clocks on the rim are
out of synchrony.
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1. The 3+1 Point of View on the Rotating Disk and the Sagnac Effect.
Let us describe an abstract geometrical disk with an admissible 3+1 splitting of the type
(2.14), in which the instantaneous 3-spaces are parallel space-like hyper-planes with normal
lµ centered on an inertial observer xµ(τ) = lµ τ
zµ(τ, ~σ) = lµ τ + ǫµr R
r
(3) s(τ, σ) σ
s. (A1)
The rotation matrix R(3) describes a differential rotation around the fixed axis ”3” (we
take a constant ω, but nothing changes with ω(τ))
Rr(3) s(τ, σ) =
 cos θ(τ, σ) − sin θ(τ, σ) 0sin θ(τ, σ) cos θ(τ, σ) 0
0 0 1
 ,
θ(τ, σ) = F (σ)ω τ, F (σ) <
c
ω σ
,
Ωrs(τ, σ) =
(
R−1(3)
dR(3)
dτ
)
r
s(τ, σ) = ω F (σ)
 0 −1 01 0 0
0 0 0
 ,
Ω(τ, σ) = Ω(σ) = ω F (σ). (A2)
A simple choice for the gauge function F (σ) is F (σ) = 1
1+ω
2 σ2
c2
(in the rest of the Section
we put c = 1), so that at spatial infinity we get Ω(τ, σ) = ω
1+ω
2 σ2
c2
→σ→∞ 0.
By introducing cylindrical 3-coordinates r, ϕ, h by means of the equations σ1 = r cos ϕ,
σ2 = r sin ϕ, σ3 = h, σ =
√
r2 + h2, we get the following form of the embedding and of its
gradients
zµ(τ, ~σ) = lµ τ + ǫµ1 [cos θ(τ, σ) σ
1 − sin θ(τ, σ) σ2] +
+ ǫµ2 [sin θ(τ, σ) σ
1 + cos θ(τ, σ) σ2] + ǫµ3 σ
3 =
= lµ τ + ǫµ1 r cos [θ(τ, σ) + ϕ] + ǫ
µ
2 r sin [θ(τ, σ) + ϕ] + ǫ
µ
3 h,
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∂zµ(τ, ~σ)
∂τ
= zµτ (τ, ~σ) = l
µ − ω r F (σ)
(
ǫµ1 sin [θ(τ, σ) + ϕ]− ǫµ2 cos [θ(τ, σ) + ϕ]
)
,
∂zµ(τ, ~σ)
∂ϕ
= zµϕ(τ, ~σ) = −ǫµ1 r sin [θ(τ, σ) + ϕ] + ǫµ2 r cos [θ(τ, σ) + ϕ]
∂zµ(τ, ~σ)
∂r
= zµ(r)(τ, ~σ) = −ǫµ1
(
(cos [θ(τ, σ) + ϕ]− r
2ωτ√
r2 + h2
dF (σ)
dσ
sin [θ(τ, σ) + ϕ]
)
+
+ ǫµ2
(
sin [θ(τ, σ) + ϕ] +
r2ωτ√
r2 + h2
cos [θ(τ, σ) + ϕ]
)
∂zµ(τ, ~σ)
∂h
= zµh(τ, ~σ) = ǫ
µ
3 − ǫµ1
(
rhωτ√
r2 + h2
dF (σ)
dσ
sin [θ(τ, σ) + ϕ]
)
+
+ ǫµ2
(
rhωτ√
r2 + h2
dF (σ)
dσ
cos [θ(τ, σ) + ϕ]
)
, (A3)
where we have used the notation (r) to avoid confusion with the index r used as 3-vector
index (for example in σr).
In the cylindrical 4-coordinates τ , r, ϕ and h the 4-metric is
ǫ gττ (τ, ~σ) = 1− ω2 r2 F 2(σ), ǫ gτϕ(τ, ~σ) = −ω r2 F (σ), ǫ gϕϕ(τ, ~σ) = −r2,
ǫ gτ(r)(τ, ~σ) = − ω
2 r3 τ√
r2 + h2
F (σ)
dF (σ)
dσ
, ǫ gτh(τ, ~σ) = − ω
2 r2 h τ√
r2 + h2
F (σ)
dF (σ)
dσ
,
ǫ g(r)(r)(τ, ~σ) = −1− r
4 ω2 τ 2
r2 + h2
(
dF (σ)
dσ
)2
,
ǫ ghh(τ, ~σ) = −1− r
2 h2 ω2 τ 2
r2 + h2
(
dF (σ)
dσ
)2
,
ǫ g(r)ϕ(τ, ~σ) = − ω r
3 τ√
r2 + h2
dF (σ)
dσ
, ǫ ghϕ(τ, ~σ) = − ω
2 r2 h τ√
r2 + h2
dF (σ)
dσ
,
ǫ gh(r)(τ, ~σ) = −r
3 hω2 τ 2
r2 + h2
(
dF (σ)
dσ
)2
,
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with inverse
ǫ gττ(τ, ~σ) = 1, ǫ gτϕ(τ, ~σ) = −ω F (σ),
ǫ gτ(r)(τ, ~σ) = ǫ gτh(τ, ~σ) = 0, ǫ g(r)(r)(τ, ~σ) = ǫ ghh(τ, ~σ) = −1,
ǫ gϕϕ(τ, ~σ) = −1 + ω
2 r2 [τ 2 (dF (σ)
dσ
)2 − F 2(σ)
r2
,
ǫ gϕ(r)(τ, ~σ) =
ω r τ√
r2 + h2
dF (σ)
dσ
, ǫ gϕh(τ, ~σ) =
ω h τ√
r2 + h2
dF (σ)
dσ
. (A4)
It is easy to observe that the congruence of (non inertial) observers defined by the 4-
velocity field
zµτ (τ, ~σ)√
ǫ gττ(τ, ~σ)
=
lµ − ω r F (σ)
(
ǫµ1 sin [θ(τ, σ) + ϕ]− ǫµ2 cos [θ(τ, σ) + ϕ]
)
1− ω2 r2 F 2(σ) , (A5)
has the observers moving along the world-lines
xµ~σo(τ) = z
µ(τ, ~σo) =
= lµ τ + ro
(
ǫµ1 cos [ω τ F (σo) + ϕo] + ǫ
µ
2 sin [ω τ F (σo) + ϕo]
)
+ ǫµ3 ho. (A6)
The world-lines (A6) are labeled by their initial value ~σ = ~σo = (ϕo, ro, ho) at τ = 0.
In particular for ho = 0 and ro = R these world-lines are helices on the cylinder in the
Minkowski space
ǫµ3 zµ = 0, (ǫ
µ
1 zµ)
2
+ (ǫµ2 zµ)
2
= R2, or r = R, h = 0. (A7)
These helices are defined the equations ϕ = ϕo, r = R, h = 0 if expressed in the
embedding adapted coordinates ϕ, r, h. Then the congruence of observers (A5), defined
by the foliation (A1), defines on the cylinder (A7) the rotating observers usually as-
signed to the rim of a rotating disk, namely observes running along the helices xµ~σo(τ) =
lµ τ +R
(
ǫµ1 cos [Ω(R) τ + ϕo] + ǫ
µ
2 sin [Ω(R) τ + ϕo]
)
after having put Ω(R) ≡ ω F (R).
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On the cylinder (A7) the line element is obtained from the line element ds2 = gAB dσ
A dσB
for the metric (A4) by putting dh = dr = 0 and r = R, h = 0. Therefore the cylinder line
element is
ǫ (dscyl)
2 =
[
1− ω2R2 F 2(R)
]
(dτ)2 − 2ωR2 F (R) dτdϕ−R2 (dϕ)2. (A8)
We can define the light rays on the cylinder, i.e. the null curves on it, by solving the
equation
ǫ (dscyl)
2 = (1− R2Ω2(R)) dτ 2 − 2R2Ω(R) dτ dϕ−R2 dϕ2 = 0, (A9)
which implies
R2
(
dϕ(τ)
dτ
)2
+ 2R2Ω(R)
(
dϕ(τ)
dτ
)
− (1− R2Ω(R)) = 0. (A10)
The two solutions
dϕ(τ)
dτ
= ± 1
R
− Ω(R), (A11)
define the world-lines on the cylinder for clockwise or anti-clockwise rays of light.
Γ1 : ϕ(τ)− ϕo =
(
+ 1
R
− Ω(R)) τ,
Γ2 : ϕ(τ)− ϕo =
(− 1
R
− Ω(R)) τ . (A12)
This is the geometric origin of the Sagnac Effect. Since Γ1 describes the world-line of
the ray of light emitted at τ = 0 by the rotating observer ϕ = ϕo in the increasing sense
of ϕ (anti-clockwise), while Γ2 describes that of the ray of light emitted at τ = 0 by the
same observer in the decreasing sense of ϕ (clockwise), then the two rays of light will be
re-absorbed by the same observer at different τ -times 20 τ(± 2π), whose value, determined by
the two conditions ϕ(τ(± 2π))− ϕo = ± 2π, is
Γ1 : τ(+2π) =
2π R
1−Ω(R)R , Γ2 : τ(−2π) =
2π R
1+Ω(R)R
. (A13)
The time difference between the re-absorption of the two light rays is
∆τ = τ(+2π) − τ(−2π) = 4π R
2Ω(R)
1− Ω2(R)R2 =
4π R2 ω F (R)
1− ω2 F 2(R)R2 , (A14)
20 Sometimes the proper time of the rotating observer is used: dTo = dτ
√
1− Ω2(R)R2.
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and it corresponds to the phase difference named the Sagnac effect
∆Φ = Ω∆τ, Ω = Ω(R) = ω F (R). (A15)
We see that we recover the standard result if we take a function F (σ) such that F (R) = 1.
In the non-relativistic applications, where F (σ) → 1, the correction implied by admissible
relativistic coordinates is totally irrelevant.
With an admissible notion of simultaneity, all the clocks on the rim of the rotating disk
lying on a hyper-surface Στ are automatically synchronized. Instead for rotating observers
of the irrotational congruence there is a desynchronization effect or synchronization gap
because they cannot make a global synchronization of their clocks: usually a discontinuity
in the synchronization of clocks is accepted and taken into account (see Ref.[36] for the GPS).
To clarify this point and see the emergence of this gap, let us consider a reference observer
(ϕo = const., τ) and another one (ϕ = const. 6= ϕo, τ). If ϕ > ϕo we use the notation (ϕR, τ),
while for ϕ < ϕo the notation (ϕL, τ) with ϕR − ϕo = −(ϕL − ϕo).
Let us consider the two rays of light ΓR− and ΓL−, with world-lines given by Eqs.(A12),
emitted in the right and left directions at the event (ϕo, τ−) on the rim of the disk and
received at τ at the events (ϕR, τ) and (ϕL, τ) respectively. Both of them are reflected
towards the reference observer, so that we have two rays of light ΓR+ and ΓL+ which will
be absorbed at the event (ϕo, τ+). By using Eq.(A13) for the light propagation, we get
ΓR− : (ϕ− ϕo) = 1− RΩ(R)
R
(τ − τ−), ΓR+ : (ϕ− ϕo) = 1 +RΩ(R)
R
(τ+ − τ),
ΓL− : (ϕ− ϕo) = −1 +RΩ(R)
R
(τ − τ−), ΓL+ : (ϕ− ϕo) = −1− RΩ(R)
R
(τ+ − τ).
(A16)
As shown in Section II, Eqs.(2.17) and (2.18), of the first paper in Ref.[3], in a neighbor-
hood of the observer (ϕo, τ) [(ϕ, τ) is an observer in the neighborhood] we can only define
the following local synchronization 21
21 See Ref.[54] for a derivation of the Sagnac effect in an inertial system by using Einstein’s synchronization
in the locally comoving inertial frames on the rim of the disk and by asking for the equality of the one-way
velocities in opposite directions.
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c∆ T˜ =
√
1− R2Ω2(R)∆τE =
√
1− R2Ω2(R)∆τ − R
2Ω2(R)√
1−R2Ω2(R) ∆ϕ. (A17)
If we try to extend this local synchronization to a global one for two distant observers
(ϕo, τ) and (ϕ, τ) in the form of an Einstein convention (the result is the same both for
ϕ = ϕR and ϕ = ϕL)
τE =
1
2
(τ+ + τ−) = τ − R
2Ω(R)
1− R2Ω2(R)(ϕ− ϕo), (A18)
we arrive at a contradiction, because the curves defined by τE = constant are not closed,
since they are helices that assign the same time τE to different events on the world-line of
an observer ϕo = constant. For example (ϕo, τ) and
(
ϕo, τ + 2π
R2Ω(R)
1−R2 Ω2(R)
)
are on the same
helix τE = constant. As a consequence we get the synchronization gap.
As shown in both papers of Ref.[3], by using the global synchronization on the instanta-
neous 3-spaces Στ we can define a generalization of Einstein’s convention for clock synchro-
nization by using the radar time τ . If an accelerated observer A emits a light signal at τ−,
which is reflected at a point P of the world-line of a second observer B and then reabsorbed
at τ+, then the B clock at P has to be synchronized with the following instant of the A clock
[n = + for ϕ = ϕR, n = − for ϕ = ϕL]
τ(τ−, n, τ+) =
1
2
(τ+ + τ−)− nRΩ(R)
2
(τ+ − τ−) def= τ− + E(τ−, n, τ+) (τ+ − τ−),
with E(τ−, n, τ+) = 1− nRΩ(R)
2
, Ω(R) = ω F (R). (A19)
Finally in the first paper of Ref.[3] [see Eqs.(6.37)-(6.47) of Section VI] there is the evalua-
tion of the radius and the circumference of the rotating disk. If we choose the spatial length
of the instantaneous 3-space Στ of the admissible embedding (A1), we get aa Euclidean
3-geometry, i.e. a circumference 2π R and a radius R at each instant τ independently from
the choice of the gauge function F (σ). With other admissible 3+1 splittings we would get
non-Euclidean results: as said they are gauge equivalent when the disk can be described
with a parametrized Minkowski theory. Instead the use of a local notion of synchronization
from the observers of the irrotational congruence located on the rim of the rotating disk
implies a local definition of spatial distance based on the 3-metric 3γuv = −ǫ
(
guv− gτu gτvgττ
)
,
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i.e. a non-Euclidean 3-geometry. In this case the radius is R, but the circumference is
2π R/
√
1−R2Ω2(R). However this result holds only in the local rest frame of the observer
with the tangent plane orthogonal to the observer 4-velocity (also called the abstract relative
space) identified with a 3-space (see Section IIB).
See Subsection D of Section VI for a derivation of the Sagnac effect in nearly rigid rotating
frames.
2. The Rotating ITRS 3-Coordinates fixed on the Earth Surface.
The embedding (2.14), describing admissible differential rotations in an Euclidean 3-
space, can be used to improve the conventions IERS2003 (International Earth Rotation and
Reference System Service) [40] on the non-relativistic transformation from the 4-coordinates
of the Geocentric Celestial Reference System (GCRS) to the International Terrestrial Ref-
erence System (ITRS), the Earth-fixed geodetic system of the new theory of Earth rotation
replacing the old precession-nutation theory. It would be a special relativistic improvement
to be considered as an intermediate step till to a future development leading to a post-
Newtonian (PN) general relativistic approach unifying the existing non-relativistic theory
of the geo-potential below the Earth surface with the GCRS PN description of the geo-
potential outside the Earth given by the conventions IAU2000 (International Astronomical
Union) [40] for Astrometry, Celestial Mechanics and Metrology in the relativistic framework.
In the IAU 2000 Conventions the Solar System is described in the Barycentric Celestial
Reference System (BCRS) as a quasi-inertial frame, centered on the barycenter of the Solar
System, with respect to the Galaxy. BCRS is parametrized with harmonic PN 4-coordinates
xµBCRS =
(
xoBCRS = c tBCRS ; x
i
BCRS
)
, where tBCRS is the barycentric coordinate time and
the mutually orthogonal spatial axes are kinematically non-rotating with respect to fixed
radio sources. This a nearly Cartesian 4-coordinate system in a PN Einstein space-time
and there is an assigned 4-metric, determined modulo O(c−4) terms and containing the
gravitational potentials of the Sun and of the planets, PN solution of Einstein equations
in harmonic gauges: in practice it is considered as a special relativistic inertial frame with
nearly Euclidean instantaneous 3-spaces tBCRS = const. (modulo O(c
−2) deviations) and
with Cartesian 3-coordinates xiBCRS . This frame is used for space navigation in the Solar
System. The geo-center (a fictitious observer at the center of the earth geoid) has a world-line
yµBCRS(x
o
BCRS) =
(
xoBCRS ; y
i
BCRS(x
o
BCRS)
)
, which is approximately a straight line.
For space navigation near the Earth (for the Space Station and near Earth satellites
using NASA coordinates) and for the studies from spaces of the geo-potential one uses
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the GCRS, which is defined outside the Earth surface as a local reference system centered
on the geo-center. Due to the earth rotation of the Earth around the Sun, it deviates
from a nearly inertial special relativistic frame on time scales of the order of the revolution
time. Its harmonic 4-coordinates xµGCRS =
(
xoGCRS = c tGCRS; x
i
GCRS
)
, where tGCRS is the
geocentric coordinate time, are obtained from the BCRS ones by means of a PN coordinate
transformation which may be described as a special relativistic pure Lorentz boost without
rotations (the parameter is the 3-velocity of the geo-center considered constant on small
time scales) plus O(c−4) corrections taking into account the gravitational acceleration of
the geo-center induced by the Sun and the planets. As a consequence the GCRS spatial
axes are kinematically non-rotating in BCRS and the relativistic inertial forces (for instance
the Coriolis ones) are hidden in the geodetic precession; the same holds for the aberration
effects and the dependence on angular variables. A PN 4-metric, determined modulo O(c−4)
terms, is given in IAU2000: it also contains the GCRS form of the geo-potential and the
inertial and tidal effects of the Sun and of the planets. Again the instantaneous 3-spaces are
considered nearly Euclidean (modulo O(c−2) deviations) 3-spaces tGCRS = const..
In IAU200 the coordinate times tBCRS and tGCRS are then connected with the time scales
used on Earth: SI Atomic Second, TAI (International Atomic Time), TT (Terrestrial Time),
TEPH (Ephemerides Time), UT and UT1 and UTC (Universal Times for civil use), GPS
(Mastr Time), ST (Station Time).
Finally we need a 4-coordinate system fixed on the Earth crust. It is the ITRS
with 4-coordinates xµITRS =
(
xoItRS
def
= c tGCRS; x
i
ITRS
)
, which uses the same coordinate
time as GCRS. It is obtained from GCRS by making a suitable set of non-relativistic
time-dependent rigid rotations on the nearly Euclidean 3-spaces tGCRS = const.. The
geocentric rectangular 3-coordinates xiITRS match the reference ellipsoid WGS-84 (basis
of the terrestrial coordinates (latitude, longitude, height) obtainable from GPS) used in
geodesy. As shown in IERS2003, we have xiITRS =
(
W T (tGCRS)R
T
3 (−θ)C
)i
j x
j
GCRS, where
C = RT3 (s)R
T
3 (E)R
T
2 (−d)RT3 (−E) and W (tGCRS) = R3(−s′)R2(xp)R1(yp) are rotation
matrices. This convention is based on the new definition of the Earth rotation axis (θ
is the angle of rotation about this axis): it is the line through the geo-center in direc-
tion of the Celestial Intermediate Pole (CIP) at date tGCRS, whose position in GCRS is
niGCRS =
(
sin d cosE, sin d sinE, cos d
)
. The new non-rotating origin (NLO) of the rota-
tion angle θ on the Earth equator (orthogonal to the rotation axis) is a point named the
Celestial Intermediate Origin (CIO), whose position in CGRS requires the angle s, called
the CIO locator. Finally in the rotation matrix W T (tGCRS) (named the polar motion or
wobble matrix) the angles xp and yp are the angular coordinates of CIP in ITRS, while the
angle s
′
is connected with the re-orientation of the pole from the ITRS z-axis to the CIP
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plus a motion of the origin of longitude from the ITRS x-axis to the so-called Terrestrial
Intermediate Origin (TIO), used as origin of the azimuthal angle.
Let us now consider the embedding zµ(τ, σu) = xµ(τ) + ǫµr R
r
s(τ, σ) σ
s of Eq.(2.14). Let
us identify xµ = zµ(τ, σu) with the GCRS 4-coordinates xµGCRS centered on the world-line
of the geo-center assumed to move along a straight line. then, if we identify the space-like
vectors ǫµr with the GCRS non-rotating spatial axes, we have x
µ(τ) = ǫµτ τ = l
µ τ , where lµ
is orthogonal to the nearly Euclidean 3-spaces tGCRS = const.. the proper time τ of the
geo-center coincides with c tGCRS modulo O(c
−2) corrections from the GCRS PN 4-metric.
Then a special relativistic definition of ITRS can be done by replacing the rigidly rotating
3-coordinates xiITRS with the differentially rotating 3-coordinates σ
r. The rotation matrix
R(τ, σ), with the choice F (σ) = 1
1+ω
2 σ2
c2
for the gauge function (ω can be taken equal to the
mean angular velocity for the Earth rotation), will contain three Euler angles determined
by putting R(τ, σ)|F (σ)=1 = CT R3(−θ)W (tGCRS).
In this way a special relativistic version of ITRS can be given as a preliminary step
towards a PN general relativistic formulation of the geo-potential inside the Earth to be
joined consistently with GCRS outside the Earth. Even if this is irrelevant for geodesy
inside the geoid, it could lead to a refined treatment of effects like geodesic precession taking
into account a model of geo-potential interpolating smoothly between inside and outside the
geoid and the future theory of heights over the reference ellipsoid under development in a
formulation of relativistic geodesy based on the use of the new generation of microwave and
optical atomic clocks both on the Earth surface and in space.
93
APPENDIX B: THE LANDAU-LIFSCHITZ NON-INERTIAL ELECTRO-
MAGNETIC FIELDS
Sometimes, see for instance Ref.[17], the following generalized non-inertial electric and
magnetic fields are introduced
Es(F )(τ, σu) = −
[ √
γF√
1 + nF
hsrF (Fτr − nvF Fvr)
]
(τ, σu)
◦
=πs(τ, σu)),
Bw(F )(τ, σu) =
1
2
δwt ǫtsr [(1 + nF )
√
γF h
sv
F h
ru
F Fvu − (nsF πr − nrF πs)] (τ, σu), (B1)
They allow us to rewrite the Hamilton-Dirac Eqs.(4.15) in the following form (we use a
vector notation as in the 3-dimensional Euclidean case)
∂r Er(F )(τ, σu) =
√
γF (τ, σu) ρ(τ, σ
u),
ǫruv ∂u Bv(F )(τ, σu)−
∂Er(F )(τ, σu)
∂τ
=
√
γF (τ, σu) J
r
(τ, σu), (B2)
namely in the same form of the usual source- dependent Maxwell equations in an inertial
frame.
Since Eqs.(B1) can be rewritten in the form
Es(F )(τ, σu) =
[
+
√
γF√
(1 + nF )
hsrF Er −
√
γF√
(1 + nF )
hsrF ǫruv n
u
F Bv
]
(τ, σu),
Bw(F )(τ, σu) = δwt ǫtsr
[
1
2
(1 + nF )
√
γF h
sv
F h
ru
F ǫvuℓBℓ + n
s
F Er
]
(τ, σu), (B3)
we get the following form of the Maxwell equations for the field strengths Er and Br
∂r Er(τ, σ
u) =
√
γF (τ, σu)
[
ρ(τ, σu)− ρR(τ, σu)
]
,
ǫsuv ∂uBv(τ, σ
u)− ∂ Es(τ, σ
u)
∂τ
= δsr
√
γF (τ, σu)
[
J
r
(τ, σu)− JrR(τ, σu)
]
, (B4)
where the new charge and current densities are the following functions only of the metric
tensor and of the fields Er, Br
94
ρR(τ, σ
u) =
1√
γF (τ, σu)
∂r
(Er(F )(τ, σu)− δrsEs(τ, σu)) ,
J
r
R(τ, σ
u) =
1√
γF (τ, σu)
[
− ∂
∂τ
(Er(F )(τ, σu)− δrsEs(τ, σu))+
+ δrs ǫsuv ∂u
(Bv(F ) − δvk Bk) (τ, σu)]. (B5)
Instead, as a consequence of Eqs.(4.10), the homogeneous equations take the form
ǫruv ∂uEv(τ, σ
s) = −∂ Br(τ, σ
s)
∂ τ
, ǫruv ∂uBv(τ, σ
s) = 0. (B6)
By using Eq.(6.2) of Section VI we find the results of the Appendix A of Ref.[18]
~E(F )(τ, σu) = ~E(τ, σu) + (
~Ω(τ)
c
× ~σ)× ~B(τ, σu),
~B(F )(τ, σu) = ~B + (
~Ω(τ)
c
× ~σ)× ~E(τ, σu) + (
~Ω(τ)
c
× ~σ)× [(
~Ω(τ)
c
× ~σ)× ~B(τ, σu)].(B7)
In absence of sources Eqs.(4.17) are the generally covariant equations ∇ν F µν ◦=0, sug-
gested by the equivalence principle, in the 3+1 point of view after having taken care of the
asymptotic properties at spatial infinity.
Let us remark that in the case of the nearly rigid limit of the foliation (2.14) (see Section
VI) and with ~Ω(τ) = (0, 0, Ω˜ = const.) Eqs.(B4) and (B6) coincide with Eqs.(9) of Schiff
[28] if we identify ρ¯R with σ and j¯
r
R with j
r. This is due to the fact that Schiff’s fields ~E,
~B, have the components coinciding with the covariant fields Er and Br of Eqs.(4.10); these
fields obviously differ from the fields (B3) defined in Ref.[17].
Eqs. (B4) and (B5), with the metric associated to the admissible notion of simultaneity
(2.14), should be the starting point for the calculations in the magnetosphere of pulsars,
where one always assumes a rigid rotation ω with the consequent appearance of the so-
called light cylinder for ωR = c (the horizon problem of the rotating disk). See Refs.[59]
based on Schiff’s equations [28] (B4) and (B7) or the more recent literature of Refs. [60].
Instead in Refs.[61] the light cylinder is avoided using the rotating coordinates of Refs.[19],
but at the price of a bad behavior at spatial infinity.
These equations also show that the non-inertial electric and magnetic fields ~E(F ) and ~B(F )
are not, in general, equal to the fields obtained from the inertial ones ~E and ~B with a Lorentz
transformations to the comoving inertial system like it is usually assumed following Rohrlich
[62] and the locality hypothesis.
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APPENDIX C: COVARIANT ANDNON-COVARIANT DECOMPOSITIONSOF
THE ELECTRO-MAGNETIC FIELD AND THE RADIATION GAUGE IN NON-
INERTIAL REST FRAMES.
In inertial frames the identification of the physical degrees of freedom (Dirac observables)
of the free electro-magnetic field was done in Refs. [26, 63, 64, 65] by means of the Shanmu-
gadhasan canonical transformation adapted to the first class constraints πτ (τ, σu) ≈ 0 and
Γ(τ, σu) = ∂r π
r(τ, σu) ≈ 0. The final canonical basis identifies the radiation gauge with its
transverse fields as the natural one from the point of view of constraint theory.
In the parametrized Minkowski theories of Setion III Subsection A, due to the last
two lines of Eqs.(3.15), we see that two successive gauge transformations, of generators
Gi(τ, σ
u) = λµi (τ, σ
u)Hµ(τ, σu), i = 1, 2, do not commute but imply an electro-magnetic
gauge transformation. Since the effect of the i = 1, 2 gauge transformations is to modify the
notions of simultaneity, also the definition of the Dirac observables of the electro-magnetic
field will change with the 3+1 splitting. In general, given two different 3+1 splittings, the
two sets of Dirac observables associated with them will be connected by an electro-magnetic
gauge transformation.
Since it is not clear whether it is possible to find a quasi-Shanmugadhasan canonical
transformation adapted to Hr(τ, σu) = Hµ(τ, σu) zµr (τ, σu) ≈ 0, πτ (τ, σu) ≈ 0, Γ(τ, σu) ≈ 0
22, the search of the electro-magnetic Dirac observables must be done with the following
strategy:
i) make the choice of an admissible 3+1 splitting by adding four gauge-fixing constraints
determining the embedding zµ(τ, σu), so that the induced 4-metric gAB(τ, σ
u) becomes a
numerical quantity and is no more a configuration variable;
ii) find the Dirac observables on the resulting completely fixed simultaneity surfaces Στ
with a suitable Shanmugadhasan canonical transformation adapted to the two remaining
electro-magnetic constraints.
Let us remark that a similar scheme has to be followed also in the canonical Einstein-
Maxwell theory: only after having fixed a 3+1 splitting (a system of 4-coordinates on the
solutions of Einstein’s equations) we can find the Dirac observables of the electro-magnetic
field.
This strategy is induced by the fact that, while the Gauss law constraint Γ(τ, σu) =
∂r π
r(τ, σu) ≈ 0 is a scalar under change of admissible 3+1 splittings 23, the gauge vec-
22 H⊥(τ, σu) = Hµ(τ, σu) lµ(τ, σu) ≈ 0, like an ordinary Hamiltonian, can be included in the adapted
Darboux-Shanmugadhasan basis only in case of integrability of the equations of motion.
23 πr(τ, σu) is a vector density like in canonical metric gravity.
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tor potential Ar(τ, σ
u) is the pull-back to the base of a connection one-form and can be
considered as a tensor only with topologically trivial surfaces Στ (like in the case we are
considering). Since a Shanmugadhasan canonical transformation adapted to the Gauss law
constraint transforms Γ(τ, σu) in one of the new momenta, it is not clear how to define a
conjugate gauge variable ηem(τ, σ
u) such that {ηem(τ, σu),Γ(τ, σu1 )} = δ3(σu, σu1 ) and two
conjugate pairs of Dirac observables having vanishing Poisson brackets with both ηem(τ, σ
u)
and Γ(τ, σu) when the 3-metric on Στ is not Euclidean (grs(τ, σ
u) 6= −ǫ δrs).
With every fixed type of instantaneous 3-space Στ with non-trivial 3-metric, grs(τ, σ
u) 6=
−ǫ δrs, we have to find suitable gauge variable ηem(τ, σu) and the Dirac observables replacing
Ar⊥(τ, σ
u) and πr⊥(τ, σ
u).
Let us consider an arbitrary admissible non-inertial frame identified by the embedding
zµF (τ, σ
u) = xµ(τ)+F µ(τ, σu) of Eq.(4.1). In it the fields Ar(τ, σ
u) and πr(τ, σu) admit both
a covariant and a non-covariant decomposition.
The covariant decomposition [66] is
πr(τ, σu) = πˆr⊥(τ, σ
u) + πˆrL(τ, σ
u)
πˆr⊥(τ, σ
u) =
(
δrs −∇rF
1
∆F
∇F s
)
πs(τ, σu) =
(
δrs −∇rF
1
∆F
∂s
)
πs(τ, σu),
⇒ ∇F rπˆr⊥(τ, σu) = 0,
πˆrL(τ, σ
u) = ∇rF
1
∆F
∇F s πs(τ, σu) = ∇rF
1
∆F
∂s π
s(τ, σu),
Ar(τ, σ
u) = Aˆ⊥r(τ, σu) + AˆL r(τ, σu),
Aˆ⊥r(τ, σu) =
(
δsr −∇F r
1
∆F
∇rF )Ar(τ, σu) ⇒ ∇rF Aˆ⊥ r(τ, σu) = 0,
AˆLr(τ, σ
u) = ∇F r 1
∆F
∇sF As(τ, σu). (C1)
Here ∇rF and △F = ∇rF ∇F r = 1√γF (τ,σu) ∂r
(√
γF (τ, σu) γ
rs
F (τ, σ
u) ∂s
)
are the covariant
derivative and the Laplace-Beltrami operator associated to the positive 3-metric hF rs(τ, ~σ
u),
respectively. The inverse of Laplace-Beltrami operator (1/∆F ) is defined by the fun-
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damental solution of the Laplace-Beltrami operator G(σu, σ ′u) 24 f(σu) = 1
∆F
g(σu)
def
=∫
d3σ ′
√
γ(σ ′ u)G(σu, σ ′u) g(σ ′u), such that ∆F f(σu) = g(σu).
Since πr(τ, σu) is a vector density, we have ∂r π
r(τ, σu) = ∇F r πr(τ, σu): this quantity is
a 3-scalar density on Στ .
Instead the non-covariant decomposition [1, 5, 9, 60] in a transverse and a longitudinal
part (∂ˆr
def
= δrs ∂r, △ = ∂r ∂ˆr = ~∂2) is
πr(τ, σu) = πr⊥(τ, σ
u) + πrL(τ, σ
u),
πr⊥(τ, σ
u) =
(
δrs − ∂ˆr
1
∆
∂s
)
πs(τ, σu) ⇒ ∂r πr⊥(τ, σu) = 0,
πrL(τ, σ
u) = ∂ˆr
1
∆
∂s π
s(τ, σu),
Ar(τ, σ
u) = A⊥ r(τ, σu) + AL r(τ, σu),
A⊥ r(τ, σu) =
(
δsr − ∂r
1
∆
∂ˆs
)
As(τ, σ
u) ⇒ ∂ˆr A⊥ r(τ, σu) = 0,
AL r(τ, σ
u) = ∂r
1
∆
∂ˆsAs(τ, σ
u). (C2)
In Eq.(C2) ∂ˆr Ar = △ ηem is a non-covariant quantity.
Here the inverse of Laplacian is defined used the standard (Euclidean-like) fundamental
solution: c(σu − σ ′u) = − 1
4π
1√P3
u=1 (σ
u−σ ′u)2
, so that f(σu) = 1
∆
g(σu)
def
=
∫
d3σ ′ c(σu −
σ ′ u)g(σ ′u) and ∆ f(σu) =
(∑3
r=1 ∂ˆ
r ∂r
)
f(σu) = g(σu).
Eq.(C2) allow us to define the following non-covariant Shanmugadhasan canonical trans-
formation
24 His existence is assured by existence’s theorem (see for example Ref.[67], but a closed analytic form is
not known. A general property of these fundamental solutions is a singularity when the geodesic distance
s(σu, σ ′u) between P = {σu} and Q = {σ ′ u} goes to zero lims7→0 G(σu, σ ′u) 7→ − 14π 1s(σu,σ ′u) .
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AA
πA
−→ Aτ ηem A⊥ r
πτ ≈ 0 Γ ≈ 0 πr⊥
Ar(τ, σ
u) = − ∂
∂σr
ηem(τ, σ
u) + A⊥ r(τ, σu),
πr(τ, σu) = πr⊥(τ, σ
u) +
1
∆
∂ˆr Γ(τ, σu),
ηem(τ, σ
u) = −∂ˆr Ar(τ, σu),
A⊥ r(τ, σu) =
(
δsr − ∂r
1
∆
∂ˆs
)
As(τ, σ
u),
πr⊥(τ, σ
u) =
(
δrs − ∂ˆr
1
∆
∂s
)
πs(τ, σu),
{ηem(τ, σu),Γ(τ, σ ′u)} = δ3(σu, σ ′ u),
{A⊥ r(τ, σu), πs⊥(τ, σ ′ u)} = c (δrs −
∂r ∂ˆ
s
∆
) δ3(σu, σ ′u). (C3)
If we add the gauge fixing ηem(τ, σ
u) ≈ 0, then its τ -constancy implies Aτ (τ, σu) ≈ 0 and
we get a non-inertial realization of the non-covariant radiation gauge.
While with the non-covariant decomposition we can easily find a Shanmugadhasan canon-
ical transformation adapted to the Gauss law constraint with the standard canonically con-
jugate (but non-covariant) Dirac observables ~A⊥ and ~π⊥ of the radiation gauge, it is not
clear whether the covariant decomposition can produce such a canonical basis. In any case,
as shown in Ref.[66], the radiation gauge formalism is well defined in both cases if we add
suitable gauge fixings.
In the inertial rest-frame instant form reviewed in Section III Subsection B the 3-metric
inside the Wigner 3-spaces is grs(τ, σ
u) = −ǫ hrs(τ, σu) = −ǫ δrs and the two decompositions
coincide.
In Subsection B of Section IV there is the non-covariant Shanmugadhasan canonical
transformation in non-inertial frames in presence of charged particles.
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Let us remark that on the non-Euclidean 3-space we are using a delta function δ3(σu, σ ′u),
with the properties δ3(σu, σ ′u) = δ3(σ ′ u, σu) and ∂
∂σr
δ3(σu, σ ′u) = − ∂
∂σ ′ r
δ3(σu, σ ′u),
such that d3σ′ δ3(au, σ ′ u) f(σ ′u) = f(au), and not a covariant one D3(σu, σ ′ u) =
1√
γ(τ,σ ′u)
δ3(σu, σ ′u) = 1√
γ(τ,σu)
δ3(σu, σ ′u) such that
∫
d3σ′
√
γ(τ, σ ′ u)D3(au, σ ′u) f(σ ′u) =
f(au).
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